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Abstract
Given a Hausdorff space X, we calculate the tightness and the character of the hyperspace CL∅(X)
of X, endowed with either the co-compact or the lower Vietoris topology, and give some estimates
for the tightness of CL∅(X), endowed with the Fell topology.
Some properties related to first-countability and countable tightness, such as sequentiality, Fréchet
property and, less directly, radiality and pseudoradiality, are investigated as well.
To carry out our investigation, we also consider on the base space X several cardinal functions,
and we compare some of them (which are newly defined or not so well known) with other classical
ones, obtaining results and counterexamples which may be of some independent interest.
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Introduction
Some cardinal functions on hyperspaces—and in particular character—have been
extensively studied, especially for the Vietoris topology. For instance, it is well known
that, for the hyperspace of a normal space endowed with the Vietoris topology, being first-
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countable, Fréchet, sequential or countably tight are equivalent properties [29]. But when
the hyperspace is endowed with either the Fell topology, or with its upper or lower parts—
the co-compact topology and the lower Vietoris topology, respectively—this is no longer
true, as we show in this paper. Notice that similar researches for the upper Vietoris topology
have already been carried out in [18]; and this clearly stands as a further motivation for the
present article.
Of course, the strict link existing between the four above-mentioned properties makes it
natural to study them together; and this has been one of the main aims of our investigation.
Moreover, as for character and tightness, we have not confined ourselves to consider only
the countable case, and we have found out equalities or estimates valid in general, which
relate them with other suitable cardinal functions on the base space. Since some of these
functions are not so well known, or are even newly introduced, we have devoted a part of
the first section, and several examples collected in the last section, to point out their mutual
relationships. Some questions remain open, whose interest may go beyond the specific
area of hyperspaces. Finally, in Section 5 we have drawn our attention to radiality and
pseudoradiality, which are fairly natural generalizations of the Fréchet property and of
sequentiality.
The Fell topology has not been as widely studied as the Vietoris topology, though
it has had a growing number of applications in recent times (for more information and
bibliographic references, see [7, Chapter 5.1]). As far as we know, the only paper dealing
with cardinal functions on the Fell hyperspace is [25]. Our plan in this paper is also to show
that the technique of “decomposition” is an efficient tool, to investigate several properties
of hyperspace topologies. Many of our results about the Fell topology are consequences
of—or, at least, take into account—analogous results we have previously obtained for the
co-compact and for the lower Vietoris topology. This allows us to have a more clear view
of the subject, and also to improve some results obtained in [25].
For similar uses of decomposition in hyperspace theory, the reader is referred to [11,
10,13]; while a general treatment of the subject—also in the wider context of topologies
defined on lattices, semi-lattices and partially ordered sets—may be found in [14].
1. Preliminaries
Throughout the paper, we will always denote by X a topological space and will assume
that X is Hausdorff unless otherwise stated. Given a natural number n, we denote by X[n]
the subspace of the product Xn consisting of all the n-tuples (x1, . . . , xn) where xi = xj
for i = j .
We will denote the collections of all compact subsets and of all closed subsets of X
by K(X) and CL∅(X), respectively, and let CL(X) = CL∅(X) \ {∅}. Also, for a natural
number n, we will denote by En(X) the collection of all subsets of X of cardinality n.
Given a cardinal function f (X), denote by hf (X), as usual, the hereditary version of
f (X), i.e.:
hf (X) = sup{f (Y ) | Y ⊆ X},
also, define the open and the closed hereditary version of f (X), respectively, as
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hOf (X) = sup
{
f (Y ) | Y open in X},hCf (X) = sup
{
f (Y ) | Y closed in X}.
We define the compact cofinality, ck(X), as the least cardinality of an infinite cofinal
family inK(X) (with respect to inclusion), so that ck(X) ω means that X is hemicompact
(see [30, §IV.4] or [37, §8]—in these references, different notations are used). It is easily
seen that L(X) ck(X), and the inequality may be strict: for example, if X is the space Q
of rational numbers, then L(X) = ω but ck(X) = dω1 [37, Theorem 8.7]. On the other
hand, if X is locally compact then it may be written as the union of a collection A of open
sets having compact closure, with |A| L(X); the collection of all compact sets which are
the closure of a finite union of members of A is cofinal in K(X), hence ck(X) = L(X) in
this case.
We recall that the pseudocharacter of a point x of a space X, denoted by ψ(x,X),
is the least cardinality of an infinite collection of open sets whose intersection is {x},
and that the pseudocharacter of the space X is ψ(X) = sup{ψ(x,X) | x ∈ X}; it is
well known that ψ(X)  hL(X) for every T2-space X. Similarly the pseudocharacter
of a subset A of a space X, denoted by ψ(A,X), is the least cardinality of an infinite
collection of open sets whose intersection is A. Following the notation of [23], we let
Ψ (X) = sup{ψ(C,X) | C ∈ CL∅(X)} (= sup{ψ(C,X) | C ∈ CL(X)}).
In the forthcoming Section 2, to investigate the character and tightness of the hyperspace
CL∅(X), we will often use inequalities involving the hereditary Lindelöf number hL(X)
of the base space X. In the case where X is regular, such a number is linked to the Lindelöf
number of X by a simple equality, which we consider worthwile to point out. Even if such
a fact is probably well-known as folklore among experts in cardinal functions, we have
found no express reference for it in the literature; hence, we prefer to provide the reader
with a short proof.
1.1. Proposition. For every regular space X, we have that:
hL(X) = L(X) ·Ψ (X).
Proof. Let hL(X) = κ , L(X) = µ and Ψ (X) = ν. To prove that ν  κ , fix a C ∈ CL∅(X),
and take for every x ∈ X \ C an open neighbourhood Vx whose closure misses C. Then
C may be obtained as
⋂
W∈W X \ W , where W ⊆ {Vx | x ∈ X \ C}, |W|  κ , and⋃W = X \C.
To show that κ  µ · ν, consider an open A ⊆ X and an open cover A of A. Write
X \A as ⋂α∈ν Ωα , where every Ωα is open in X, and for every α ∈ ν let Bα be a subcover
of A ∪ {Ωα}, with |Bα|  µ. Putting B′α = Bα \ {Ωα} and B′ =
⋃
α∈ν B′α , we have that
B′ ⊆A, |B′| µ · ν and ⋃B′ = A. 
We recall that a network for X is a collection N of subsets of X, such that for every
x ∈ X and every open subset Ω of X with x ∈ Ω , there exists N ∈N with x ∈ N ⊆ Ω ;
the netweight, nw(X), is the least cardinality of a network for X. Such a notion may be
generalized in the following way (see also [30, §IV.1]): given any two collections M,N
of subsets of X, we say that N is a network for M if for every M ∈M and every open
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subset Ω of X with M ⊆ Ω , there exists N ∈N with M ⊆ N ⊆ Ω . The netweight of M
in X, nw(M,X), is the least cardinality of a network for M.
In particular, we will say that a collection N of subsets of X is a k-network for X if it
is a network for K(X); and we will define the k-netweight, knw(X), to be nw(K(X),X). It
is clear that every k-network is also a network, and that if B is a base then the collection
N of all finite unions of members of B is a k-network. Hence nw(X) knw(X) w(X).
Observe that both the previous inequalities may be strict. A subspace X = ω ∪ {p} of
βω, with p ∈ βω \ ω, is clearly an example of a space where nw(X) = knw(X) = ω,
but w(X) > ω (note that all compact subsets of X are finite). An example of an X for
which nw(X) = ω, but knw(X) > ω, will be given in Section 6 (see 6.6, which in fact
proves much more). Notice that the k-netweight is hereditary (as well as the netweight),
and that for a compact space X we have nw(X) = knw(X) = w(X)—see, for example, [20,
Theorem 3.1.19]. Actually, the above equality holds in the larger class of p-spaces (cf. [22,
Definition 3.15 and Theorem 4.2]). The reader should be warned that most authors adopt
a slightly different definition of the k-network (namely, M⊆ ℘(X) is a k-network if for
every K ∈ K(X) and every open A ⊇ K , we have that K ⊆ ⋃F ⊆ A for some finite
subcollection F of M); of course, defining the k-netweight accordingly gives rise to the
same cardinal function.
We also introduce a new cardinal function cknw(X), the cofinal k-netweight of X,
defined by:
cknw(X) = min{nw(H,X) |H is cofinal in K(X)}.
It is apparent from the definition that cknw(X)  ck(X) and cknw(X)  knw(X). Both
these inequalities may be strict. If Q is the rational line, then cknw(Q)  knw(Q) 
w(Q) = ω, but—as we have already observed before—ck(Q) = d  ω1. On the other
hand, if we consider a compact, hereditarily Lindelöf, non-metrizable space X (e.g., the
“two arrows space” [20, Ex. 3.10.C]) then nw(X) = knw(X) = w(X) > ω (otherwise
X would be metrizable), but hOcknw(X)  hOck(X) = ω (every open subset of X, as
a locally compact Lindelöf space, is hemicompact). Observe also that if we consider a
space Y = Q ⊕ X, where X is as above, then it is easily seen that hOcknw(Y ) = ω <
min{ck(Y ), knw(Y )}.
Another cardinal function, which will play a crucial rôle in the next section, is the
k-Lindelöf number kL(X), which we are going to define. Like the k-netweight, it falls
somehow into the general category of the “k-modifications” of previously defined notions
(see also the concept of weak k-development, in [1, §4]). The earliest reference about kL(X)
we are aware of is in [30, §IV.7]; such a function has then been used in the already quoted
paper [25], with a similar purpose to that of the present article.
We will say that a collection U of (open) subsets of a space X is a (open) k-cover
of X, if every compact subset of X is included in some member of U . The k-Lindelöf
number, kL(X), is the least infinite cardinal κ such that every open k-cover U of X has a
subcollection V , with |V| κ , which is still a k-cover.
1.2. Proposition. L(X) kL(X) cknw(X).
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Proof. To prove the first inequality, let κ = kL(X) and A be an arbitrary open cover of X.
Then, of course, the collection A′ of all finite unions of elements of A is a k-cover of X,
hence there is a subcollection B ofA′, with |B| κ , which is still a k-cover of X. For every
B ∈ B, let FB be a finite subcollection of A such that ⋃FB = B: then A˜=⋃B∈BFB is
easily seen to be a subcover of A, with |A˜| κ .
As for the second inequality, let µ = cknw(X) and V be a k-cover of X. We have that
there exists a cofinal collection H in K(X), which admits a network N with |N | µ. Let
N ′ = {N ∈N | ∃V ∈ V : N ⊆ V }, and for every N ∈N ′ fix a V (N) ∈ V with N ⊆ V (N).
We claim that the collection V ′ = {V (N) | N ∈ N ′}, which clearly has cardinality not
greater than µ, is still a k-cover of X.
Indeed, given any K ∈ K(X), take an H ∈ H with K ⊆ H , and then a V˜ ∈ V with
H ⊆ V˜ . SinceN is a network forH, there will exist an N ∈N such that H ⊆ N ⊆ V˜ ; this
implies that N is in fact in N ′, so that we also have K ⊆ H ⊆ N ⊆ V (N) ∈ V ′. 
We summarize the inequalities existing between the cardinal functions introduced so
far, together with other well-known ones which are strictly linked to them, in the following
scheme (where the symbol card denotes the cardinality).

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
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Notice that all possible inequalities between the above cardinal functions, which are
not indicated in the figure, may be disproved—at least consistently. Example 6.12 below
gives a (non-regular) space X with hOkL(X) < cknw(X). The space of Example 6.6 is
such that nw(X) < min{kL(X), |X|}; and the space of Example 6.4 (obtained under MA)
has the property that kL(X) > |X|. Actually, without using supplementary axioms in
ZFC, we do not have examples of an X with cknw(X) > |X| or knw(X) > |X|, either;
but the rational line has the property that ck(Q) > |Q| (and also ck(Q) > w(Q)), and
the Fréchet–Kuratowski fan Sω (see the definition after Proposition 4.5) is such that
w(Sω) > |Sω|. On the other hand, the real line is an obvious example with w(R) < |R|;
and we have already pointed out examples of a space X with hOck(X) < nw(X), a space
Y with hOcknw(Y ) < min{ck(Y ), knw(Y )}, and another space X = ω ∪ {p} ⊆ βω with
knw(X) < w(X).
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For a more detailed discussion about spaces with L(X) < kL(X) or hL(X) < kL(X),
see also after Proposition 2.12.
Let µ be a cardinal. A complete µ-system for a space X (see [21]) is a family {Uα}α∈µ of
open covers such that if W is a collection of open sets with the finite intersection property
and W ∩ Uα = ∅ for each α ∈ µ then ⋂W∈W W = ∅. We call ˇCech number of X the
least infinite cardinal µ such that X has a complete µ-system, and denote it by Cˇ(X). The
family Γ of all open covers of X is a complete |Γ |-system, hence Cˇ(X)  2w(X)hL(X) . If
Cˇ(X) = ω, we say that X is quasi ˇCech-complete (see [16]); thus, by [20, Theorem 3.9.2],
X is ˇCech-complete if and only if it is quasi ˇCech-complete and completely regular.
Observe, in particular, that every compact (locally compact) space is trivially quasi ˇCech-
complete: actually, it admits even a complete 0-system (respectively a complete 1-system).
1.3. Lemma. Let X be a regular space having a complete µ-system {Uκ}κ∈µ. If A is a
collection of subsets of X with the finite intersection property, such that for every κ ∈ µ
there exist A ∈A and a finite Bκ ⊆ Uκ which covers A, then ⋂A∈AA = ∅.
Proof. See [21, Proposition 2.13]. 
1.4. Lemma. Let {Uα}α∈µ be a complete µ-system in a regular space X. Suppose M is a
family of subsets of X, such that for every α ∈ µ there is an element of M whose closure
is covered by a finite union of elements of Uα . Then
⋂
M∈MM is compact.
Proof. Put
⋂
M∈MM = M∗, and let C be a collection of closed subsets of M∗ (hence,
of X) with the finite intersection property: of course, we may certainly suppose C to be
nonempty. For every α ∈ µ, M∗ is covered by a finite union of elements of Uα , and the
same clearly holds for every element of C . Since C = ∅, we have by Lemma 1.3 that⋂C = ∅. 
Remark. For the above lemma to hold, M is not required to have the finite intersection
property. Of course, if this happens, then the result in question is more meaningful, because
we are sure that
⋂
M∈MM = ∅.
1.5. Proposition. If X is a regular space, then cknw(X) Cˇ(X) ·L(X).
Proof. Let L(X) = ν and Cˇ(X) = µ, and fix a complete µ-system {Uα}α∈µ for X. Since
X is regular, for every α ∈ µ there exists an open cover Vα of X such that the collection
{V | V ∈ Vα} refines Uα ; and by L(X) = ν we may further suppose |Vα| ν. Letting V ′α
to be the collection of all finite unions of elements of Vα , we still have that |V ′α|  ν for
every α ∈ ν.
Let H be the collection of all subsets of X which may be obtained as ⋂α∈µ V ′α , where
V ′α ∈ V ′α for every α ∈µ. By our definition of the collections V ′α and Lemma 1.4, we have
that every element of H is compact. Let us also prove that H is cofinal in K(X). Indeed,
given any compact subset K of X, for every α ∈ µ we have that K is covered by a finite
number of elements of Vα , hence there is V ′α ∈ V ′α with K ⊆ V ′α . Then
⋂
α∈µ V ′α is an
element of H which includes K .
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Now, let N = ⋃α∈µV ′α , and N ′ to be the set of all finite intersections of elements
of N : of course, |N ′|  µ · ν, and we will complete the proof by showing that N ′ is a
network forH. Indeed, let H be an element ofH and Ω an open subset of X with H ⊆ Ω .
We know that H =⋂α∈µ V ′α , where each V ′α is a suitable element of V ′α , and we want
to prove that
⋂
α∈F V ′α ⊆ Ω for some finite subset F of µ. By contradiction, suppose the
collection M = {(⋂α∈F V ′α) \ Ω | F ∈ [µ]<ω} to consist of nonempty sets: since M is
stable under finite intersections, it trivially has the finite intersection property. Moreover,
it is clear that for every α ∈ µ there is an element of M which is covered by a finite
union of elements of Uα ; thus, by Lemma 1.3, we have that
⋂
M∈MM = ∅. But this is
impossible because, on the one hand, every M with M ∈M is disjoint from Ω , hence
from H , so that
⋂
M∈MM is in turn disjoint from H (as M = ∅); and, on the other hand,⋂
M∈MM ⊆
⋂
α∈µ V ′α = H . 
Let h(X) be the minimum of all cardinal numbers κ such that each point of X is
contained in a compact set S ⊆ X with χ(S,X)  κ (see [20, Ex. 3.1.F(b)]). The space
X is of pointwise countable type provided that h(X) = ω. If X is any space, it is well
known that χ(X) = ψ(X) · h(X), and that h(Y )  h(X) for every Gδ-subspace Y of X.
Moreover, every space of pointwise countable type is a k-space [20, Ex. 3.3.H(b)].
1.6. Proposition. For every regular space X, we have h(X) Cˇ(X).
Proof. Let Cˇ(X) = µ, and consider an arbitrary x ∈ X: we want to prove that there is a
compact K containing x , such that χ(K,X)  µ. Fix a complete µ-system {Uα}α∈µ for
X, and for each α ∈ µ choose an Uα,0 ∈ Uα containing x; using regularity, we may also
introduce a sequence {Uα,n}n∈ω of open neighbourhoods of x , such that Uα,i ⊇ Uα,i+1 for
every i ∈ ω. Denote by V the collection of all finite intersections of sets in {Uα,n | (α,n) ∈
µ × ω}, and let K =⋂(α,n)∈µ×ω Uα,n: then K is compact by 1.4, and V is a collection of
neighbourhoods of K with |V| µ. Indeed, given any V = Uα1,n1 ∩ · · · ∩ Uαk,nk ∈ V , we
have that V ⊇ Uα1,n1+1 ∩ · · · ∩Uαk,nk+1 ⊇ K .
To complete the proof it suffices to show that every open neighbourhood of K contains
some member of V . Suppose on the contrary that there exists an open set H which contains
K , and such that V ⊆ H for every V ∈ V . The collection G of all open sets which contain a
set of the form V \H for some V ∈ V has the finite intersection property, and Uα,0 ∈ G for
every α ∈ µ; therefore, ⋂G∈GG = ∅. Now we have ⋂G∈GG =⋂V∈V (V \H) because
X is regular; being H open, we also have V \ H ⊇ V \H for every V ∈ V . Hence⋂
V∈V (V \ H) = ∅, too; but this means that
⋂
V∈V V ⊆ H , which is impossible as⋂
V∈V V ⊆ K . 
Let X be the set of reals endowed with the topology whose open sets have the form
E \ C, where E is open in the Euclidean topology and C is countable; clearly X is T2
and nondiscrete. If Ui is the cover of X consisting of all open intervals of length 2−i , for
each i ∈ ω, then {Ui}i∈ω is a complete ω-system, so that Cˇ(X) = ω. On the other hand,
h(X) = χ(X) > ω because the compact subsets of X are finite. (Indeed, if Y is an infinite
subsets of X, then it contains a subset Y ′ with |Y ′| = ω, which must be closed and discrete.)
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This example shows that, in the above proposition, the assumption of regularity on X
cannot be dropped.
On the other hand, for X a Tychonoff space the above proposition is a plain consequence
of the well-known inequality h(X)  g(X) (see, [20, Ex. 3.9.E(a)]), where g(X) denotes
the least cardinal number µ such that there exist a compact space Y containing X as a
subspace and a collection A of open subsets of Y , with the property that |A| µ and
∀x ∈ X: ∀y ∈ Y : ∃A ∈A: (x ∈A and y /∈A). (1.1)
Indeed, if ν = Cˇ(X), then arguing as in the first part of the proof of [20, Theorem 3.9.2]
we may find open subsets Wα of βX, for α ∈ ν, such that ⋂α∈ν Wα = X. Then, clearly,
A= {Wα | α ∈ ν} satisfies (1.1) for Y = βX, so that g(X) ν.
Another natural question about the cardinal function h is its relationship with cknw (for
a regular space X). Since Proposition 1.5 states that cknw(X) Cˇ(X) ·L(X), and we have
just seen that h(X) Cˇ(X), it looks natural to wonder whether cknw(X) h(X) ·L(X)—
or, at least, cknw(X) h(X) · hL(X). A negative answer to this question will be provided
by Example 6.8.
Given any G ⊆ X, let
G− = {F ∈ CL∅(X) | F ∩G = ∅}, G+ = {F ∈ CL∅(X) | F ⊆ G}.
The lower Vietoris topology V− on CL∅(X) is generated by all subcollections of the form
G−, where G is an open subset of X; similarly the upper Vietoris topology V+ is generated
by all G+, where G is open. The supremum V = V− ∨V+ of these is the Vietoris topology.
Observe that a generic basic open subset of (CL∅(X),V) is of the form A+ ∩ (⋂ni=1 A−i ),
where A,A1, . . . ,An are open subsets of X and n ∈ ω.
A mapping ϕ of a topological space X onto a topological space Y will be called a
local homeomorphism provided that each x ∈ X has an open neighbourhood Ux such that
ϕ(Ux) is open, and the restriction of ϕ is a homeomorphism of Ux onto ϕ(Ux) (cf. [20,
Ex. 4.4.D]).
1.7. Proposition. Given a space X and a natural number n, there is a local homeomor-
phism ιn of X[n] onto (En(X),V−|En(X)).
Proof. Define ιn by assigning to each (x1, . . . , xn) ∈ X[n] the set {x1, . . . , xn} ∈ En(X).
Then ιn :X[n] → En(X) is continuous and open. Indeed, given any x¯ = (x¯1, . . . , x¯n) ∈
X[n], a basic neighbourhood of (x¯1, . . . , x¯n) may always be supposed to be of the form
(V1 × · · ·×Vn), where each Vi is an open neighbourhood of Vi and Vi ∩Vj = ∅ for i = j ;
while an open neighbourhood of ιn(x¯1, . . . , x¯n) = {x¯1, . . . , x¯n} in En(X) may always be
supposed to be of the form V−1 ∩· · ·∩V −n ∩En(X), where the sets Vi are as before. Then we
have that ιn(V1 × · · ·×Vn) = V −1 ∩ · · · ∩V −n ∩ En(X) and ι−1n (V−1 ∩ · · · ∩V−n ∩ En(X)) =⋃
σ∈Σ(Vσ(1) × · · · × Vσ(n)), where Σ is the set of all permutations of {1, . . . , n}. This
proves our claim.
Now, given any z = (z1, . . . , zn) ∈ X[n], take again open, pairwise disjoint neighbour-
hoods W1, . . . ,Wn of z1, . . . , zn, respectively: then ιn W1×···×Wn : (W1 × · · · × Wn) →
ιn(W1 × · · · ×Wn) is a homeomorphism. 
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In particular we have the well-known fact that (E1(X),V−) is homeomorphic to X,
sometimes expressed by saying that V− is admissible.
The co-compact topology C is generated by all G+, where G is the complement of
a compact subset of X. The Fell topology is F = V− ∨ C; therefore, a generic basic open
subset of (CL∅(X),F) is of the form (X\K)+∩(⋂ni=1 A−i ), where K ∈K(X), A1, . . . ,An
are open subsets of X and n ∈ ω.
Given a net (Cj )j∈J in CL∅(X), its lim–sup is
Lsj∈J Cj =
⋂
j∈J
⋃
kj
Ck;
upper Kuratowski convergence is defined as follows: (Cj )j∈J is K+-convergent to C in
CL∅(X) if and only if Lsj∈J Cj ⊆ C. Kuratowski convergence is the supremum K =
V− ∨ K+. A necessary and sufficient condition for K+ and K to be topologies on CL∅(X)
is local compactness of the space X: in this case it turns out that K+ coincides with the
co-compact topology (and K with the Fell topology).
In general, C is a topology coarser than upper-Kuratowski convergence, and there is
always a finest such topology, denoted by TK+, so that C  TK+ on CL∅(X). If equality
holds, we say that the space X is consonant. It is shown in [16] that every quasi ˇCech-
complete regular space is consonant.
Similarly, denote by TK the finest topology which is coarser than Kuratowski
convergence. We always have F  TK+ ∨ V−  TK, and inequalities may be strict. If
F = TK we say that X is hyperconsonant [6].
It is easily seen that a space X is consonant if and only if F = TK+ ∨ V− on CL∅(X):
hence a hyperconsonant space is also consonant. The space Q of rational numbers is
not consonant (see [8] or [15]), while the space P of irrationals is consonant but not
hyperconsonant (see, for instance, [5]).
Let κ be an infinite regular cardinal. We say that the space X is κ-pseudoconsonant if
every transfinite sequence in CL∅(X) indexed by κ and C-convergent to some C ∈ CL∅(X)
is also K+-convergent to C; if κ = ω we also use the term sequentially consonant. We say
that X is pseudoconsonant if it is κ-pseudoconsonant for every infinite regular cardinal κ .
1.8. Theorem. For every infinite regular cardinal κ , and every space X, the following are
equivalent:
(1) Given any collection G of closed subsets of X with |G| = κ , and any point x ∈ X, if
every neighbourhood of x intersects κ many members of G then every neighbourhood
of x contains a compact set which intersects κ many members of G;
(2) X is κ-pseudoconsonant.
Proof. (1) ⇒ (2) Suppose some sequence (Gα)α∈κ in CL∅(X) is not K+-convergent to
some closed set C. Denote by M the set
⋃{G | G = Gα for κ many values of α} and
observe that Lsα∈κ Gα ⊃ M . If there exists x¯ ∈M \C, then we immediately conclude that
the sequence is not C-convergent to C, because {x¯} is a compact set disjoint from C which
intersects Gα frequently.
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Thus, suppose that M ⊆ C, hence also M ⊆ C; we must have Lsα∈κ Gα ⊆ M . The
regularity of κ then implies that there exists a subsequence (Hβ)β∈κ of (Gα)α∈κ , with
Hβ = Hγ whenever β = γ , such that Lsα∈κ Gα = M∪Lsβ∈κ Hβ ; therefore Lsβ∈κ Hβ ⊆ C.
Now fix any x ∈ (Lsβ∈κ Hβ)\C. Every neighbourhood of x intersects κ many members
of the setH= {Hβ | β ∈ κ}. By (1), X \C—as a neighbourhood of x—contains a compact
set K which meets κ many members of G. HenceN = (X \K)+ is a C-neighbourhood of
C such that Hβ /∈N frequently; of course, this implies that (Gα)α∈κ is not C-convergent
to C.
(2) ⇒ (1) Let G be a collection of closed sets, with |G| = κ , and index G as {Gα | α ∈ κ},
with α → Gα one-to-one. Let x be a point in X such that each neighbourhood of x
intersects κ many members of G; this means that x ∈ Lsα∈κ Gα .
Now let U be any open neighbourhood of x; the sequence (Gα)α∈κ is not K+-convergent
to the closed set C = X \ U . By (2), the sequence cannot be C-convergent to C, so
that there is some compact set disjoint from C—hence contained in U—which intersects
Gα frequently, i.e., it meets κ many members of G. As U was arbitrary, the conclusion
follows. 
We say that a space X is locally σ -compact if each point has a neighbourhood-base
consisting of σ -compact (not necessarily open) sets.
1.9. Corollary. If X is locally σ -compact then it is κ-pseudoconsonant for each regular
cardinal κ > ω.
Proof. Let κ be any uncountable regular cardinal; we verify that 1.8(1) holds. Consider a
collection G of closed sets, with |G| = κ , and a point x such that every neighbourhood of
X intersects κ many members of G. Let V be a neighbourhood of x; we may assume that
V =⋃n∈ω Kn, where each Kn is compact. As κ is uncountable and regular, there must be
some n¯ ∈ ω such that Kn¯ intersects κ many members of G. 
Recall that a topological space X is a P -space (or an ω1-additive space—cf. definition
after Proposition 6.9) if the union of countably many closed subsets of X is closed.
1.10. Proposition. If X is either a P-space or a k-space then X is sequentially consonant.
Proof. We verify 1.8(1) with κ = ω. Let G be a countably infinite collection of closed
sets, and let x be a point all whose neighbourhoods meet infinitely many members of G.
If x belongs to infinitely many members of G (in particular if X is a P-space) then for
each neighbourhood of x the required compact set is {x}. Otherwise, there is an infinite (in
fact, cofinite) subcollection H of G such that for each open neighbourhood V of x , the set
E = V ∩⋃H is not closed in V . Since V is an open subspace of the k-space X, it is itself
a k-space and therefore we can find a compact set K ⊆ V such that K ∩ E = K ∩⋃H is
not compact. Thus K must intersect infinitely many members of H, and hence of G. 
We have to mention that the sequential consonance of k-spaces has already been
established in [26].
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1.11. Corollary. A locally σ -compact k-space is pseudoconsonant.Proof. It follows immediately from 1.9 and 1.10. 
Thus the space Q of rational numbers is an example of a pseudoconsonant space which
is not consonant.
2. Tightness and character
In this section we investigate the tightness and the character of the hyperspace, endowed
with the topologies V−, C and F.
We begin with some general facts.
2.1. Proposition. Let τ ′ and τ ′′ be two (not necessarily Hausdorff ) topologies on the same
set S. The following hold:
(1) χ(S, τ ′ ∨ τ ′′) χ(S, τ ′) · χ(S, τ ′′);
(2) t (S, τ ′ ∨ τ ′′) χ(S, τ ′) · t (S, τ ′′).
Proof. Inequality (1) is immediate. As for (2), it is easily proved directly; but it also
follows from [28, Lemma 2.5], taking into account the well-known fact that (S, τ ′ ∨ τ ′′) is
homeomorphic to the diagonal of (S, τ ′)× (S, τ ′′). 
Remark. Equality may very well fail in (1) and (2) above. Furthermore, no kind of lower
bound may be given for χ(S, τ ′ ∨ τ ′′) and t (S, τ ′ ∨ τ ′′) in terms of χ(S, τ ′), χ(S, τ ′′),
t (S, τ ′) and t (S, τ ′′). Indeed, consider for every cardinal number µ, the set µR of all
functions from µ to the real line, endowed with the lexicographic order. If τ ′ (τ ′′) is the
topology having as a base all sets of the kind [a,b[ (]a,b]), with a,b ∈µ R and a < b, then
χ(µR, τ ′) = χ(µR, τ ′′) = t (µR, τ ′) = t (µR, τ ′′) = µ, but (µR, τ ′ ∨ τ ′′) is discrete.
However, in the special case where S = CL∅(X), τ ′ = C and τ ′′ = V−, then we will
have that χ(S, τ ′ ∨ τ ′′) χ(S, τ ′) · χ(S, τ ′′) (so that equality holds), and t (S, τ ′ ∨ τ ′′)
t (S, τ ′) · t (S, τ ′′)—see Propositions 2.5 and 2.15 below.
Remark. In Proposition 2.1 it is not possible to replace χ(S, τ ′) · t (S, τ ′′) by t (S, τ ′) ·
t (S, τ ′′). In 6.13 we will give an example of a non-countably tight supremum of two
countably tight (actually, Fréchet) topologies.
Now we show that the character of CL∅(X) is the same as the character of CL(X), with
respect to the topologies V−, C and F.
2.2. Lemma. Suppose X is a noncompact Hausdorff space, and let τ1 = t (CL(X),C) and
τ2 = t (CL(X),F). Then X has non-relatively compact subsets Y1, Y2 with |Y1|  τ1 and
|Y2| τ2.
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Proof. Since X is noncompact and Hausdorff, there exists a closed noncompact set F
which is properly contained in X. Let p /∈ F ; as {p} is in the C-closure of E1(F ) and
in the F-closure of {{x,p} | x ∈ F }, there exist Y1, Y2 ⊆ F , with |Yi |  τi for i = 1,2,
such that {p} is in the C-closure of E1(Y1) and in the F-closure of {{x,p} | x ∈ Y2}. Now
Y1, Y2 are not relatively compact, since otherwise (X\Y1)+—or (X\Y2)+—would be a C-
neighbourhood (hence also an F-neighbourhood) of {p}, which does not intersect E1(Y1)—
or, respectively, {{x,p} | x ∈ Y2}. 
2.3. Proposition.
(1) χ(CL∅(X),V−) = χ(CL(X),V−);
(2) χ(CL∅(X),C) = χ(CL(X),C);
(3) χ(CL∅(X),F) = χ(CL(X),F).
Proof. (1) Indeed the only V−-neighbourhood of ∅ is the whole of CL∅(X).
(2) Let ξ = χ(CL(X),C). We have to show that χ(∅, (CL∅(X),C))  ξ , and we may
clearly assume that X is noncompact. By Lemma 2.2, there exists a non-relatively compact
set Y ⊆ X with |Y | ξ . For every y ∈ Y , let βy be a C-neighbourhood base at {y}, where
|βy | ξ . One easily sees that ⋃y∈Y βy is a C-neighbourhood base at ∅.
(3) Every F-neighbourhood of ∅ is a C-neighbourhood and, of course, every C-
neighbourhood of any element of CL(X) is a F-neighbourhood. Thus, the argument of
case (2) works with suitable changes. 
Before calculating the character of CL∅(X), we need a preliminary result.
2.4. Lemma. t (CL∅(X),V−) hd(X).
Proof. Let κ = t (CL∅(X),V−). Since X can be embedded in (CL∅(X),V−), we have
t (X) κ . Therefore it suffices to check that the density of each closed subspace of X does
not exceed κ .
Consider any closed set C ⊆ X; as C belongs to the V−-closure of the collectionF of all
finite subsets of C, there exists a subcollectionH of F , with |H| κ , such that C belongs
to the V−-closure of H, too. In particular, for every x ∈ C and every open neighbourhood
V of x , there is some H ∈H such that H ∩ V = ∅, so that D =⋃H is a dense subset
of C. But clearly |D| κ , and the conclusion follows. 
The results of the following theorem generalize [24, Theorem 1.2] and [17, Theo-
rem 5.5].
2.5. Theorem.
(1) χ(CL∅(X),V−) = hd(X) · χ(X);
(2) χ(CL∅(X),C) = hOck(X);
(3) χ(CL∅(X),F) = χ(CL∅(X),V−) · χ(CL∅(X),C) = hd(X) · χ(X) · hOck(X).
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Proof. (1) Let κ = χ(CL∅(X),V−), λ = hd(X) and µ = χ(X); since X can be
embedded in (CL∅(X),V−), we have κ  µ. Moreover, the previous lemma gives κ 
t (CL∅(X),V−) λ. Thus κ  λ ·µ.
It remains to show that κ  λ · µ. So let C ∈ CL∅(X); fix a dense subset D of C with
|D| λ, consider for each x ∈ D an open neighbourhood base U(x) at x , where |U(x)|
µ, and let U =⋃x∈D U(x). Denote by N the family of all finite intersections of sets of
the form W− as W runs over U . Now take an arbitrary V−-basic open neighbourhood G
at C of the form
⋂n
i=1 G
−
i ; for every i pick a point xi ∈ Gi ∩ D and a neighbourhood
Wi ∈ U(xi) which is contained in Gi . The V−-neighbourhood⋂ni=1 W−i at C is a member
of N contained in G, and therefore N is a V−-neighbourhood base at C. As |N | λ · µ
and C was arbitrary, we get the desired result.
(2) It suffices to show that χ(X \ Y, (CL∅(X),C)) = ck(Y ) for each open subspace Y
of X. This follows from the fact that a collectionQ of compact subsets of Y is cofinal with
respect to inclusion if and only if {G+ | X \G ∈Q} is a C-neighbourhood base at X \ Y .
(3) First of all, since F = C ∨ V−, by 2.1 we have χ(CL∅(X),F)  χ(CL∅(X),C) ·
χ(CL∅(X),V−). To get the reverse inequality, consider a F-open neighbourhood base β
at some C ∈ CL∅(X); for each B ∈ β let ↑B (respectively ↓B) denote the collection
of all closed subsets (respectively supersets) of members of B: it is not difficult to see
that {↑B}B∈β is a C-neighbourhood base at C and {↓B}B∈β is a V−-neighbourhood base
at C. 
In the same spirit of Theorem 2.5, we have some results about tightness. But, first of all,
we show that the tightness of CL∅(X) is the same as the tightness of CL(X), with respect
to the topologies V−, C and F.
2.6. Proposition.
(1) t (CL∅(X),V−) = t (CL(X),V−);
(2) t (CL∅(X),C) = t (CL(X),C);
(3) t (CL∅(X),F) = t (CL(X),F).
Proof. (1) Trivial, as in Proposition 2.3.
(2) Let ξ = t (CL(X),C): we may assume that X is noncompact. Applying Lemma 2.2,
we get a non-relatively compact set Y ⊆ X with |Y | ξ .
Consider a collection S of nonempty closed subsets of X such that ∅ ∈ ClC S . For every
y ∈ Y we also have that {y} ∈ ClCS , hence there exists Ty ⊆ S with |Ty |  ξ , such that
{y} ∈ ClC Ty . Then T =⋃y∈Y Ty defines a subset of S , having cardinality  ξ , such that∅ ∈ ClC T .
(3) Again, we may assume that X is noncompact. Letting ξ = t (CL(X),F), by
Lemma 2.2 we get as in (2) a non-relatively compact set Y ⊆ X with |Y | ξ .
If S is a collection of nonempty closed subsets of X with ∅ ∈ ClF S , then for every y ∈ Y
we put Sy = {S ∈ S | y /∈ S}. Since ∅ ∈ ClF Sy , we have that {y} ∈ ClF({T ∪{y} | T ∈ Sy});
thus there exists Ty ⊆ Sy , with |Ty | ξ , such that {y} ∈ ClF({{y} ∪ T | T ∈ Ty}). Letting
T =⋃y∈Y Ty defines a subset of ⋃y∈Y Sy , hence of S , whose cardinality does not exceed
ξ ; it is easy to check that ∅ ∈ ClF T . 
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2.7. Theorem. t (CL∅(X),V−) = hd(X) · supm∈N t (X[m]).Proof. Let κ = t (CL∅(X),V−), λ = hd(X) and µ = supm∈Nµn, where µn = t (X[n]) for
each natural number n. First observe that we have
sup
{
t
(
F,
(
CL∅(X),V−
)) | F ∈ En(X)}= µn. (2.1)
Indeed it is easily seen that any finite set F = {x1, . . . , xn} ⊆ X, of cardinality n,
belongs to the V−-closure of A⊆ CL∅(X) if and only if (x1, . . . , xn) ∈⋃C∈AC[n], hence
t (F, (CL∅(X),V−))  t (X[n]); on the other hand, t (F, (CL∅(X),V−))  t (F, (En(X),
V−)) and at the same time, applying Proposition 1.7, we get t (En(X),V−) = µn.
Also, it follows from (2.1) that κ  µ. Thus, applying Lemma 2.4, we obtain κ  λ ·µ.
Now let C ∈ CL∅(X) and let D be a dense subset of C, with |D|  λ; denote by H the
V−-closure of some G ⊆ CL∅(X). Since C ∈ H if and only if F ∈ H for every finite
subset F of D, and t (F, (CL∅(X),V−))  µ by (2.1), we immediately conclude that
t (C, (CL∅(X),V−)) λ ·µ, and the result follows from the arbitrarity of C. 
Remark. Notice that, in general, the product hd(X) · supm∈N t (X[m]) cannot be reduced
to hd(X). Even if, of course, hd(X)  t (X), [36, Theorem 1] gives an example of
a (uncountable) cardinal θ and a topological group Gθs , such that hd(Gθs )  θ but
t ((Gθs )
[2]) = t ((Gθs )2) > θ .
In contrast, we do not know any example of a space X for which
hd(X) · sup
m∈N
t
(
X[m]
) = hd(X) · sup
m∈N
t
(
Xm
)
.
2.8. Corollary. If X is a space of pointwise countable type then t (CL∅(X),V−) = hd(X).
Proof. By [20, Prob. 3.12.8(g)] we have t (Xω) = t (X). Thus hd(X) t (CL∅(X),V−) =
hd(X) · supm∈N t (X[m]) hd(X) · t (Xω) = hd(X) · t (X) = hd(X). 
Observe that the same arguments used in the proof of Lemma 2.4 and Theorem 2.7
show in fact that hd(X)  t (CL∅(X),S) and supm∈N t (X[m])  t (CL∅(X),S), where
S is any topology finer than V− and weaker than either Kuratowski convergence or
Vietoris topology (in particular F). Thus also t (CL∅(X),V−) t (CL∅(X),S) for any such
topology S.
Now we pass to investigate the tightness of the co-compact topology. We first prove
that it coincides with the open hereditary version of the k-Lindelöf number, introduced
in Section 1. Then we give suitable estimates of it in terms of other cardinal functions—
namely, hL(X), hOcknw(X) and Cˇ(X); such estimates will often make it easier to compute
the tightness of the co-compact topology, in some concrete situations.
2.9. Theorem. t (CL∅(X),C) = hOkL(X).
Proof. Let C be a closed subset of X, and denote by A the complement of C. We will
show that the tightness of the co-compact topology at C equals kL(A).
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Given a collection W of subsets of X, denote by W∗ the collection of complements of
all members of W .
First of all, note that C belongs to the C-closure of a subcollection F of CL∅(X) if and
only if C ∈ ClCFC , where FC = {F ∪ C | F ∈ F}, and this is in turn equivalent to saying
that FC∗ is a (open) k-cover of A.
So, let F ⊆ CL∅(X) and suppose that C ∈ ClCF . Let V ⊆FC∗ be a k-cover of A having
cardinality not greater than kL(A). The members of V∗ are of the form H = G ∪ C for
suitable members G of F . Now let G be a subcollection of F obtained by choosing, for
every H ∈ V∗, a G ∈F such that G ∪C = H . Then clearly |G| |V| kL(A); moreover
C is in the C-closure of GC = V∗, hence of G. It follows from the arbitrarity of F that
t (C, (CL∅(X),C)) kL(A).
To prove the reverse inequality, denote by κ the tightness of (CL∅(X),C) at C, and
consider any open k-cover U of A. Letting F = U∗ defines a collection of closed subsets
of X, each containing C, such that C belongs to the C-closure of FC = F . Take a
subcollection H of F with C ∈ ClCH and |H|  κ . Then H∗ ⊆ U is a k-cover of A.
We conclude that kL(A) κ . 
2.10. Corollary. hL(X) hOkL(X) = t (CL∅(X),C) hOcknw(X).
Proof. Use the open hereditary version of the inequalities stated in Proposition 1.2, taking
into account that hL(X) = hOL(X). 
2.11. Corollary. If X is a regular space, then hOkL(X) = t (CL∅(X),C) hL(X) · Cˇ(X).
Proof. Use the open hereditary version of the inequality stated in Proposition 1.5, taking
into account that hOCˇ(X) = Cˇ(X) for a regular X (cf. [21, Theorem 2.5]). 
As a consequence, if X is a regular quasi ˇCech-complete space then t (CL∅(X),C) =
hL(X) (compare with Corollary 3.13 below).
Remark. Note that t (∅, (CL∅(X),C)) = L(K(X),V+) and hence t (CL∅(X),C) 
hL(K(X),V+). If X is noncompact we also have t (CL∅(X),C)  t (∅, (CL∅(X),C)) =
sup{d(M) |M is dense in (CL(X),C)}.
The first inequality in Corollary 2.10 can be generalized as follows.
2.12. Proposition. If T is any topology finer than C and weaker than Kuratowski
convergence, then hL(X) t (CL∅(X),T).
Proof. We show in fact that, for each open subspace A of X, we have:
L(A) t
(
X \A, (CL∅(X),T)).
To this end, denote X \ A by C, and let κ = t (C, (CL∅(X),T)). Consider any collection
F of closed sets whose intersection is C; we will find some subcollection H of F ,
with |H|  κ , whose intersection is still C. We may assume that F is closed under
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finite intersections, so that C = LsF∈F F . Since the net (F )F∈F is also V−-converging
to C (in a trivial way), we have that (F )F∈F K−→ C, which implies by hypothesis that
(F )F∈F
T−→C; therefore, C is in the T-closure ofF . By assumption there is someH⊆F ,
whose cardinality does not exceed κ , such that C is still in the T-closure of H; we claim
that
⋂H = C. Indeed suppose there is some x ∈ ⋂H \ C: then the compact set {x} is
disjoint from C, but intersects each H ∈H, and therefore C is not in the C-closure of H,
which is impossible. 
Since ψ(X)  hL(X), it follows that ψ(X)  t (CL∅(X),T), where T is as in the
proposition above. Similarly, if X is regular, Proposition 1.1 gives Ψ (X) t (CL∅(X),T).
On the other hand, no similar generalization can hold for the equality in Theorem 2.9.
Indeed, even for T = TK+, Proposition 3.10 and Example 6.8 below combine to show that
t (CL∅(S), TK+) = ω < c = t (CL∅(S),C), where S is the Sorgenfrey line.
In Section 6 we will give two examples of hereditarily strongly paracompact spaces,
for which the first inequality in Corollary 2.10 is strict (see 6.6 and 6.8). We will also
show that, under Martin’s Axiom, there is a countable such space (Example 6.4); and we
will construct some spaces X with ω < hL(X) < kL(X), which also will consistently be
hereditarily strongly paracompact (Example 6.10). In particular, we will see that there is a
model of ZFC where, for every infinite regular cardinal µ, there exists a space X as above
with hL(X) = µ< kL(X). However, the following questions remain open.
2.13. Question. Is it consistent that for every (Hausdorff ) countable space X, we have that
kL(X) = ω—hence also hOkL(X) = t (CL∅(X),C) = ω? More generally, is it possible to
produce, in ZFC, a space X such that kL(X) > |X|?
Is it possible to prove (at least, consistently) that for every infinite cardinal ν, there is a
(strongly hereditarily paracompact) space X with hL(X) = ν < hOkL(X)? Is it possible to
prove the same in ZFC, for every infinite regular cardinal ν (or, at least, for one cardinal
ν > ω, with X hereditarily strongly paracompact)?
As for the second inequality in the statement of Corollary 2.10, we will construct in
Example 6.12 a (Hausdorff) non-regular space X, with hOkL(X) < cknw(X).
2.14. Question. Is there a regular space X, such that t (CL∅(X),C) < hOcknw(X) (again,
this would imply the existence of a regular X with t (CL∅(X),C) < cknw(X))?
The last part of this section is devoted to study the tightness of the Fell topology.
2.15. Proposition. t (CL∅(X),V−) · t (CL∅(X),C) = hd(X) · supm∈N t (X[m]) · hOkL(X)
t (CL∅(X),F) hd(X) · min{χ(X) · hOkL(X), hOck(X) · supm∈N t (X[m])}.
Proof. For the first inequality argue in a similar way as in the proof of 2.5(3). The second
inequality follows by applying 2.1(2) to 2.5(1) and 2.9, as well as 2.5(2) and 2.9. 
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If X is regular then, arguing in the same way but applying 2.11 instead of 2.9, we get
t (CL∅(X),F)  hd(X) · χ(X) · Cˇ(X) · hL(X). If X is metrizable, the above proposition
gives t (CL∅(X),F) = t (CL∅(X),V−) · t (CL∅(X),C) = w(X).
Remark. In [25, Theorem 3], it is proved that:
max
{
hCd(X),hOkL(X), t (X)
}
 t
(
CL∅(X),F
)
max
{
hCd(X),hOkL(X),χ(X)
}
,
i.e. (see [20, Ex. 3.12.9(d)]):
max
{
hd(X),hOkL(X)
}
 t
(
CL∅(X),F
)
max
{
hd(X),hOkL(X),χ(X)
}
. (2.2)
On the one hand, the first inequality in our proposition above—namely, hOkL(X) · hd(X) ·
supm∈N t (X[m])  t (CL∅(X),F)—is a priori sharper than the first one in (2.2). However,
we do not know whether there is a (T2)-space X such that hd(X) · hOkL(X) < t(X[m]) for
some m ∈ N. In particular, the existence of such a space would give a negative answer to
Question (1), raised in [25] after Example 4.
On the other hand, the second inequality in Proposition 2.15 is clearly a refinement
of the corresponding inequality in (2.2). For example, if we consider again a subspace
X = ω ∪ {p} of βω, with p ∈ βω \ ω, then we have that hd(X) = supm∈N t (X[m]) =
hOck(X) = ω, while χ(X) > ω. Observe also that the rational line shows how we may
have hd(X) · χ(X) · hOkL(X) < hd(X) · hOck(X) · supm∈N t (X[m]).
In another special case, we have a result which was already established in [25, Theo-
rem 11].
2.16. Corollary. If X is locally compact then t (CL∅(X),C) = hL(X) = χ(CL∅(X),C)
and t (CL∅(X),F) = hd(X) · hL(X) = χ(CL∅(X),F). In particular, t (CL∅(X),F) =
t (CL∅(X),V−) · t (CL∅(X),C).
Proof. Taking into account that hOck(X) = hL(X)ψ(X) = χ(X) for a locally compact
space X, the first equality follows from 2.5(2) and 2.9, while the second one follows
from 2.15. 
Now we give another estimate for the tightness of the Fell hyperspace, which will turn
out to be independent on that provided by Proposition 2.15.
To this end, we need a preliminary result which is also of interest by itself.
2.17. Proposition. hd(CL∅(X),V−) supm∈N hd(X[m]).
Proof. Put κ = supm∈N hd(X[m]), and let M be any subset of CL∅(X). Consider, for
every m ∈ N, the subspace ⋃C∈MC[m] of X[m], and let Tm be a dense subset of it with|Tm|  hd(X[m]). Then put T =⋃m∈N Tm, and for every x = (x1, . . . , xm) ∈ T pick an
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element Cx of M such that x ∈ C[m]x . Clearly, M′ = {Cx | x ∈ T } is a subset of M with
|M′| κ ; we claim that M′ is dense in M.
Indeed, let A1, . . . ,Am be open subsets of X such that (
⋂m
i=1 A
−
i )∩M = ∅: since X is
T2, we may suppose without loss of generality that the sets Ai are pairwise disjoint. Then
(A1 × · · · × Am) ∩ (⋃C∈MC[m]) = ∅, and we may consider an x = (x1, . . . , xm) in the
above intersection. Then Cx is an element of (A−1 ∩ · · · ∩A−m) ∩M′. 
2.18. Theorem. t (CL∅(X),F) hOcknw(X) · supm∈N hd(X[m]).
Proof. Let ξ = hOcknw(X) and κ = supm∈N hd(X[m]). Suppose D ∈ CL∅(X) and M ⊆
CL∅(X) be such that D ∈ ClFM. Fix a cofinal collection H in K(X \ D), such that
nw(H,X \ D) = cknw(X \ D)  ξ , and let N be a network for H in X \ D, with
|N | = nw(H,X \ D)  ξ . For every N ∈ N , let MN = {C ∈ M | C ∩ N = ∅}: by
Proposition 2.17, there is a V−-dense subset M′N of M, with |M′N |  κ . Thus, putting
M′ =⋃N∈NM′N , we have that |M′| ξ · κ ; we claim that D ∈ ClFM′.
Indeed, let K ∈K(X \D), and W1, . . . ,Wn be open subsets of X with D ∈⋂ni=1 W−i .
Take H ∈H such that K ⊆ H : then there exists C ∈M with C ∩H = ∅ and C ∩Wi = ∅
for i = 1, . . . , n. Let N ∈ N be such that H ⊆ N ⊆ X \ (D ∪ C); since M′N is V−-
dense in MN , and (W−1 ∩ · · · ∩W−n ) ∩MN is nonempty (as it contains C), we have that
(W−1 ∩· · ·∩W−n )∩M′N is nonempty, too, and hence it contains a set C′. Therefore,C′ is an
element ofM′ which meets every Wi and misses K (as C′ ∩N = ∅ and K ⊆ H ⊆ N ). 
2.19. Corollary. t (CL∅(X),F) hOcknw(X) · nw(X) knw(X).
Remark. In the above quoted paper [25], a space X is constructed such that
t
(
CL∅(X),F
)
< min
{
χ(X),hOck(X)
}
.
Using Corollary 2.19, we immediately see that the space X = (ω ∪ {p}) ⊕ Q (where
ω ∪ {p} ⊆ βω is as in the remark after Proposition 2.15) is such that t (CL∅(X),F) 
knw(X) = ω, but χ(X) and hOck(X) are both uncountable. Moreover, the same corollary
may be used to shorten the proof of [25, Example 4], because in such a case we have again
that knw(X) = ω.
If X is either of the two spaces mentioned above, then of course it is not possible to
calculate the tightness of the Fell hyperspace by means of Proposition 2.15. On the other
hand, if X is the double arrow space, then the second inequality of Proposition 2.15 gives a
finer estimate than that provided by Theorem 2.18. Indeed, since hd(X) = χ(X) = ω, and
hOkL(X) hOcknw(X) hOck(X) = ω (see the discussion after the definition of cknw, at
the beginning of Section 1), we may conclude that t (CL∅(X),F) = ω. However, since X
contains a copy of the Sorgenfrey line S, and—as is well known—the set {(x,−x) | x ∈
R \ {0}} is a discrete subset of S[2] of cardinality c, we have that hd(X[2]) = c; therefore,
Theorem 2.18 gives us very little information, in this case.
We end this section by pointing out the main open problem concerning the tightness of
the Fell topology.
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2.20. Question. Is there a space X for which the first inequality of Proposition 2.15 is
strict?
3. Sequentiality. Sequential order
A subset M of a topological space X is called sequentially closed if, whenever (xn)n∈N
is a sequence in M which converges to an element x¯ of X, then x¯ ∈ M . A space X is called
sequential if every sequentially closed subset of X is closed (observe that the converse
holds for every topological space).
As is well known, besides the classical definition of sequential space we have just
recalled, there is another equivalent definition which uses the notion of “sequential
closure”. For a subset M of a topological space X, and an ordinal κ  ω1, the κ-sequential
closure of M in X is denoted by 〈M〉κX (or simply 〈M〉κ , when no confusion can occur),
and is defined by transfinite induction as follows: 〈M〉0 = M; for each σ ∈ ω1, 〈M〉σ+1
is the set of all x ∈ X such that there is a sequence in 〈M〉σ which converges to x;
〈M〉λ =⋃α∈µ〈M〉α if λ ω1 is a limit nonzero ordinal.
The sequential closure of M ⊆ X in X is 〈M〉ω1 . The space X is sequential if and only
if 〈M〉ω1 = M for every M ⊆ X. For a sequential space X, the sequential order of X,
denoted by SeqX, is the least κ  ω1 such that 〈M〉κ = M for every M ⊆ X.
A sequential space X is Fréchet if and only if SeqX  1. We will be concerned with
this property in the next section.
3.1. Lemma. Let X be a topological space, and Y a locally closed subset of X (i.e., the
intersection of a closed set with an open set). For every M ⊆ Y and every λ ω1, we have
〈M〉λY = 〈M〉λX ∩ Y .
Hence if X is sequential then Y is sequential, too, and SeqY  SeqX.
Proof. Let Y = F ∩G, where F is closed and G is open in X. Consider a subset M of Y ,
and an ordinal λ ω1, and suppose that 〈M〉µY = 〈M〉µX ∩ Y , for each µ ∈ λ. If λ is limit,
then 〈M〉λY =
⋃
µ∈λ〈M〉µY =
⋃
µ∈λ(〈M〉µX ∩ Y ) = (
⋃
µ∈λ〈M〉µX) ∩ Y = 〈M〉λX ∩ Y. If λ is
not limit, let λ= ν+1, and denote 〈M〉νX by S, so that 〈M〉νY = S∩Y . Since S is contained
in the closure of M (with respect to X) and F is closed, we have S ∩ Y = S ∩ G; thus
we have to show that 〈S ∩G〉1Y ⊇ 〈S〉1X ∩ Y , the reverse inclusion being obvious. So, let y
be an element of Y such that a sequence (sn)n∈N of elements of S converges to y in the
space X; as G is a neighbourhood of y in X, there exists a p ∈ N such that sn ∈G for each
n > p: thus (sk+p)k∈N is a sequence of elements of S ∩G converging to y in X, and hence
in Y .
Now if X is sequential, with SeqX = κ , let z ∈ Y be adherent to an M ⊆ Y : we have
z ∈ 〈M〉κX ∩ Y = 〈M〉κY , so that Y is sequential, with SeqY  κ . 
3.2. Lemma. Let x¯ ∈ X, V an open neighbourhood of x¯ and CV = (X \ V )+ = {C ∈
CL∅(X) | C ∩ V = ∅}. Define ϕ :CV → CL∅(X) by ϕ(C) = C ∪ {x¯}. Then CV and ϕ(CV )
are both closed in (CL∅(X),F), and ϕ is a homeomorphic embedding of (CV ,F|CV ) into
(CL∅(X),F).
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Proof. Since CV = CL∅(X) \ V −, it is V−-closed—hence F-closed; since ϕ(CV ) =
(CL∅(X) \ (V \ {x¯})−)∩ (CL∅(X) \ (X \ {x¯})+), it is in turn F-closed.
Clearly, ϕ is one-to-one; moreover, it is continuous, as it is well known (and easy to
prove) that the union, as a binary operation from (CL∅(X),F)× (CL∅(X),F) to (CL∅(X),
F), is continuous. Thus, it only remains to prove that ϕ is open onto its image.
Let C ∈ CV , and let W = W−1 ∩ · · · ∩ W−n ∩ (X \ K)+ be a basic F-neighbourhood of
C (so that each Wi is open and K is compact); since x¯ /∈C, there is no loss of generality if
we further suppose that no Wi contains x¯. ThenW∗ = W−1 ∩ · · ·∩W−n ∩ (X \ (K \V ))+ is
a F-neighbourhood of C ∪{x¯} = ϕ(C); we claim that ϕ(W ∩CV ) ⊇W∗ ∩ϕ(CV ) (actually,
equality holds). Indeed, let D = C′ ∪ {x¯} ∈W∗ ∩ ϕ(CV ), with C′ ∈ CV ; then C′ ∩Wi = ∅
for i = 1, . . . , n (because x¯ /∈ Wi ), and C′ ∩ K = ∅ (because C′ ∩ (K \ V ) = ∅, and
C′ ∩ V = ∅—as C′ ∈ CV ). Therefore,D ∈ ϕ(CV ∩W). 
Let A be any subcollection of CL∅(X). For every x ∈ X, we will denote by Ax the
collection {C ∪ {x} | C ∈A}.
3.3. Lemma. Let x¯ ∈ X, V open neighbourhood of x¯ and A ⊆ CV = {C ∈ CL∅(X) |
C ∩ V = ∅}. Then, for every λ ω1, we have that〈Ax¯ 〉λ
(CL∅(X),F) =
(〈A〉λ(CL∅(X),F))x¯ .
Proof. First of all observe that, since CV is closed in (CL∅(X),F), then it is easily proved
by transfinite induction that 〈A〉λ(CL∅(X),F) ⊆ CV for every λ ω1.
Now we prove the statement by transfinite induction on λ. For λ = 0 this is obvious,
and for λ limit greater than 0 we have that:〈Ax¯ 〉λ
(CL∅(X),F) =
⋃
σ<λ
〈Ax¯ 〉σ
(CL∅(X),F) =
⋃
σ<λ
(〈A〉σ(CL∅(X),F))x¯
=
(⋃
σ<λ
〈A〉σ(CL∅(X),F)
)x¯
= (〈A〉λ(CL∅(X),F))x¯ .
Suppose now λ = σ + 1. If D ∈ (〈A〉σ+1(CL∅(X),F))x¯ , then D = C ∪ {x¯} = ϕ(C) for some
C ∈ 〈A〉σ+1(CL∅(X),F), hence there is (Cn)n∈N ⊆ 〈A〉σ(CL∅(X),F) such that (Cn)n∈N
F−→ C. By
continuity of ϕ we have that (ϕ(Cn))n∈N
F−→ ϕ(C) = D, and ϕ(Cn) ∈ (〈A〉σ(CL∅(X),F))x¯ =
〈Ax¯〉σ(CL∅(X),F) for every n ∈ N, by the inductive hypothesis. Therefore,D ∈ 〈Ax¯〉σ+1(CL∅(X),F).
Consider now an arbitrary D ∈ 〈Ax¯〉σ+1(CL∅(X),F): then there is a sequence (Dn)n∈N in
〈Ax¯〉σ(CL∅(X),F) which F-converges to D. By the inductive hypothesis, every Dn is in(〈A〉σ(CL∅(X),F))x¯;
since, as we have observed above, 〈A〉σ(CL∅(X),F) ⊆ CV , we have that Dn ∈ ϕ(CV ) for each
n ∈ N. Therefore, D belongs in turn to ϕ(CV )—as this collection is closed in (CL∅(X),F),
by Lemma 3.2. Let C = ϕ−1(D) and Cn = ϕ−1(Dn) for every n ∈ N: then each Cn is in
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〈A〉σ . Since (Dn)n∈N F−→D, the continuity of ϕ−1 implies that (Cn)n∈N F−→ C,(CL∅(X),F)
so that C ∈ 〈A〉σ+1(CL∅(X),F) and D = ϕ(C) ∈ (C ∈ 〈A〉σ+1(CL∅(X),F))x¯ . 
3.4. Proposition.
(1) (CL∅(X),V−) is sequential if and only if (CL(X),V−) is sequential; if |X| > 1 we
also have Seq(CL(X),V−) = Seq(CL∅(X),V−).
(2) (CL∅(X),C) is sequential if and only if (CL(X),C) is sequential; in this case we have
Seq(CL(X),C) Seq(CL∅(X),C) Seq(CL(X),C) + 1.
(3) (CL∅(X),F) is sequential if and only if (CL(X),F) is sequential, and in this case we
have Seq(CL(X),F) Seq(CL∅(X),F).
Proof. (1) If (CL∅(X),V−) is sequential, since CL(X) = X− is V−-open in CL∅(X),
Lemma 3.1 implies that (CL(X),V−) is sequential, and Seq(CL(X),V−) Seq(CL∅(X),
V−).
Conversely, suppose that (CL(X),V−) is sequential, with sequential order κ , and let
A be any nonempty subset of CL∅(X). We may assume that ∅ ∈ Cl(CL∅(X),V−)A and
A = {∅}; note that in this case ∅ ∈ 〈A \ {∅}〉1
(CL∅(X),V−) = 〈A〉1(CL∅(X),V−). Since |X| > 1,
we must have κ  1. Thus the closure of A in (CL∅(X),V−) is 〈A \ {∅}〉κ(CL∅(X),V−) =〈A〉κ
(CL∅(X),V−).(2) Let (CL∅(X),C) be sequential, with sequential order λ, and let A⊆ CL(X). If ∅ ∈
〈A〉λ(CL∅(X),C), then let σ = min{σ ′  λ | ∅ ∈ 〈A〉σ
′
(CL∅(X),C)}: we have that σ is a successor
ordinal (σ = 0 because ∅ /∈ A), i.e., σ = τ + 1 for some ordinal τ , and ∅ is the limit
of a sequence in 〈A〉τ(CL(X),C) (= 〈A〉τ(CL∅(X),C)). It follows that 〈A〉σ(CL(X),C) = CL(X)
and 〈A〉σ(CL∅(X),C) = CL∅(X), so that 〈A〉λ(CL(X),C) coincides in turn with CL(X), and is
trivially closed in CL(X). If, on the contrary, ∅ /∈ 〈A〉λ(CL∅(X),C), then 〈A〉λ(CL∅(X),C) =
〈A〉λ(CL(X),C) = Cl(CL(X),C)A= Cl(CL∅(X),C)A.
Conversely, suppose that (CL(X),C) is sequential, and denote by κ its sequential
order. Consider any A which is not C-closed in CL∅(X); let A˜ = 〈A〉κ(CL∅(X),C), and
Â = 〈A˜〉1(CL∅(X),C). We show that Â is closed in (CL∅(X),C), and we may obviously
restrict ourselves to the case Â = CL∅(X). In this case, as {∅} is (sequentially) C-dense in
CL∅(X), we must have A˜⊆ CL(X) and therefore A˜= 〈A〉κ(CL(X),C) = Cl(CL(X),C)A.
Now if F /∈ Cl(CL(X),C)A for some F ∈ CL(X), or if X is compact, then ∅ /∈
Cl(CL∅(X),C)A, which means that A˜ is C-closed in CL∅(X), and Â= A˜.
On the other hand, if X is noncompact and A˜ = CL(X), then Â = CL∅(X). Indeed,
note first that, by 2.10 and 2.6(2), X is (hereditarily) Lindelöf and thus it is not countably
compact. So, let D be a closed discrete countably infinite subset of X; denote the elements
of D by zi , where i ∈ N and zi = zj for i = j . The sequence ({zn})n∈N in CL∅(X) is
C-convergent to ∅.
(3) If (CL∅(X),F) is sequential, since CL(X) = X− is F-open in CL∅(X), Lemma 3.1
implies that (CL(X),F) is sequential, and Seq(CL(X),F) Seq(CL∅(X),F).
Suppose now that (CL(X),F) is sequential: we just have to prove that for every
A ⊆ CL∅(X), if ∅ ∈ ClFA then ∅ ∈ 〈A〉ω1(CL∅(X),F). If X is compact, then the empty set
266 C. Costantini et al. / Topology and its Applications 142 (2004) 245–292
is isolated in (CL∅(X),F), so that we have ∅ ∈A and our claim is trivial. Thus, suppose X
to not be compact: the sequentiality of (CL(X),F) implies, by 2.15, 2.10 and 2.6(3), that
X is (hereditarily) Lindelöf, so that it cannot be countably compact. Let {xn | n ∈ N} be a
closed and discrete subset of X, with n → xn one-to-one. If {xn} ∈ ClFA for every n ∈ N,
then the sequentiality of (CL(X),F) implies that {xn} ∈ 〈A〉αn(CL(X),F) for some αn ∈ ω1.
Putting αˆ = supn∈N αn, we will have that {xn} ∈ 〈A〉αˆ(CL(X),F) for every n ∈ N, so that by
{xn} F−→ ∅ we obtain that ∅ ∈ 〈A〉αˆ+1(CL(X),F).
Suppose now that there exists n¯ ∈ N such that {xn¯} /∈ ClFA: then there are W open
neighbourhood of xn¯ and K compact subset of X, with xn¯ /∈ K , such that C /∈ W− ∩ (X \
K)+ for every C ∈A, i.e.,
∀C ∈A: (C ∩W = ∅ or C ∩K = ∅). (3.1)
Let A˜ = (X \ K)+ ∩A = {C ∈A | C ∩ K = ∅}: observe that ∅ ∈ Cl(CL∅(X),F)A implies
that ∅ ∈ Cl(CL∅(X),F) A˜ (because (X \K)+ is an F-neighbourhood of ∅).
From (3.1) it follows that W ∩ C = ∅ for every C ∈ A˜; applying Lemma 3.3,
we have that 〈A˜xn¯〉ω1(CL∅(X),F) = (〈A˜〉
ω1
(CL∅(X),F))
xn¯
. On the other hand, the relation
∅ ∈ Cl(CL∅(X),F) A˜ implies that {xn¯} ∈ Cl(CL∅(X),F) A˜xn¯ (because C → C ∪ {xn¯} is F-
continuous). Since A˜xn¯ ⊆ CL(X), {xn¯} ∈ CL(X) and (CL(X),F) is sequential, it follows
that {xn¯} ∈ 〈A˜xn¯〉ω1(CL(X),F) ⊆ 〈A˜xn¯〉ω1(CL∅(X),F) = (〈A˜〉
ω1
(CL∅(X),F))
xn¯
. Therefore, {xn¯} = D ∪
{xn¯} for some D ∈ 〈A˜〉ω1(CL∅(X),F), so that either D = ∅ or D = {xn¯}. But the last
equality is impossible, because A˜ ⊆ CL∅(X) \ W−, which is F-closed, and hence D ∈
〈A˜〉ω1
(CL∅(X),F) ⊆ CL∅(X) \W−. We conclude that ∅ ∈ 〈A˜〉
ω1
(CL∅(X),F) ⊆ 〈A〉
ω1
(CL∅(X),F). 
The following result relates the sequentiality of the Fell topology to that of its “upper”
and “lower” parts. We recall some notations from [14].
A subset M of CL∅(X) is said to be upper (lower) if for every C ∈M and every
D ∈ CL∅(X) with D ⊆ C (respectively, D ⊇ C), we have that D ∈M. The collection of
all upper (lower) sets gives rise to a topology on CL∅(X), which is called γ (λ); every
topology coarser than γ (λ) is said in turn to be upper (lower).
We say that a (upper) topology π on CL∅(X) is strong if it admits a base β such that
for every B ∈ β and every B1,B2 ∈ B, the set B1 ∪B2 is still in B.
3.5. Proposition. If (CL∅(X),F) is sequential, then both (CL∅(X),C) and (CL∅(X),V−)
are sequential.
Proof. Since C is clearly a strong topology, by [14, Proposition 3.9] we have that C =
F ∧ γ . On the other hand, using [14, Proposition 10.4] and the lattice properties of the
topologies on CL∅(X), we have that V−  F ∧ λ V ∧ λ = V−.
The topologies γ and λ are trivially first-countable—hence sequential; actually, every
C ∈ CL∅(X) has a local base with respect to γ (λ) consisting of only one neighbourhood.
Since sequentiality is preserved by infima (see, for example, [13, Proposition 2.4]) we have
that C and V− are sequential, once F is. 
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Notice that the converse of the above proposition does not hold, in general. Indeed, it
follows from 3.7, 3.13 and 3.14 below, and the results of [5], that the irrational line is a
counterexample.
3.6. Lemma. IfW is an open cover of the topological space X, then X is sequential if and
only if each W ∈W is sequential, and in this case we have SeqX = supW∈W SeqW .
Hence, given a local homeomorphism f :X → Y , the space Y is sequential if and only
if X is, and in this case they have the same sequential order.
Proof. By Lemma 3.1 we know that if X is sequential then each W ∈W is sequential,
and SeqX  supW∈W SeqW . So assume that each W ∈W is sequential, and take λ =
supW∈W SeqW . Let x ∈ E (with E ⊆ X), and let W ∈ W such that x ∈ W ; since W
is open, x is also adherent to E ∩ W and hence x ∈ 〈E ∩W 〉λW by our assumption;
by Lemma 3.1, 〈E ∩W 〉λW = 〈E ∩W 〉λX ∩ W , thus x ∈ 〈E ∩W 〉λX . It follows that X is
sequential, with SeqX  λ.
Now let f :X → Y be a local homeomorphism. For each x ∈ X, let Ux be an open
neighbourhood of x such that f (Ux) is open, and the restriction of f is a homeomorphism
of Ux onto f (Ux); the space Ux is sequential if and only if f (Ux) is sequential, and in
this case they have the same sequential order. Thus it follows from the above argument
that Y is sequential if and only if X is, in which case SeqY = supx∈X Seqf (Ux) =
supx∈X SeqUx = SeqX. 
3.7. Theorem. Let X be a T2-space. The hyperspace (CL∅(X),V−) is sequential if and
only if X is hereditarily separable and X[n] is sequential for every n ∈ N; in this case we
have λ Seq(CL∅(X),V−) λ+ 1, where λ = supn∈N SeqX[n].
Proof. By the above lemma and Proposition 1.7 we have λ = supn∈N Seq(En(X),V−) and
we may equivalently prove that (CL∅(X),V−) is sequential if and only if X is hereditarily
separable and (En(X),V−) is sequential for every n ∈ N, in which case we have:
λ Seq
(
CL∅(X),V−
)
 λ+ 1. (3.2)
If (CL∅(X),V−) is sequential then it has countable tightness, and therefore X is
hereditarily separable. Since, for each n ∈ N, the subspace (En(X),V−) is locally closed
in (CL∅(X),V−), by Lemma 3.1 we have that (En(X),V−) is sequential—and that
Seq(En(X),V−) Seq(CL∅(X),V−), which gives the first inequality in (3.2).
To prove the converse, let A be a subset of CL∅(X), and suppose C to belong to the
V−-closure of A: we claim that C ∈ 〈A〉λ+1CL∅(X), where λ = supn∈N Seq(En(X),V−), and
we may assume that λ > 0 (if λ = 0 then in particular (E1(X),V−) is discrete, so that X is
discrete and (CL∅(X),V−) is first-countable, by Theorem 2.5).
First, we show that if F is a finite subset of C, then it belongs to 〈A〉λCL∅(X). Let
F = {x1, . . . , xn}: definingF = {F ′ ∈ En(X) | ∃C′ ∈A: F ′ ⊆ C′}, we see that F ∈ ClV− F .
Indeed, given any V−-neighbourhoodW of F , by the T2 character of X we may suppose
W = W−1 ∩· · ·∩W−n , with Wi open neighbourhood of xi for i = 1, . . . , n, and Wi ∩Wj = ∅
for i = j . Since there is a C′ ∈A∩W , picking a wi ∈Wi ∩C′ for i = 1, . . . , n, we obtain
a set {w1, . . . ,wn} ∈W ∩ F . Now, F ∈ En(X), F ⊆ En(X) and F ∈ ClV− F imply that
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F ∈ 〈F〉λ = 〈F〉λ ∩ En(X) (recall that λ = supn′∈N Seq(En′(X),V−)). Moreover,En(X) CL∅(X)
〈F〉λCL∅(X) ⊆ 〈A〉λCL∅(X) because every element of F is included in some element ofA, and
λ > 0; hence F ∈ 〈A〉λCL∅(X).
Now let (zn)n∈N be a dense sequence in C; it follows from the above argument that the
set Dn = {zk | k  n} belongs to 〈A〉λCL∅(X) for every n ∈ N; as the sequence (Dn)n∈N is
V−-convergent to C, we have C ∈ 〈A〉λ+1CL∅(X). Thus, (CL∅(X),V−) is sequential, and the
second inequality in (3.2) is also proved. 
3.8. Corollary. Let X be a hereditarily separable space, every finite power of which is se-
quential. Then (CL∅(X),V−) is sequential, and Seq(CL∅(X),V−) (supn∈N SeqXn)+ 1.
Proof. Since X[n] is an open subset of Xn for every n ∈ N, the result follows from
Lemma 3.1 and Theorem 3.7. 
From Theorems 2.7 and 3.7 it follows that if X is countable and non-sequential, then
the hyperspace (CL∅(X),V−) is countably tight but not sequential. Compare this with the
behaviour of V: if X is normal and the hyperspace (CL∅(X),V) is countably tight, then it
must be even first-countable [29, Theorem 2].
We now turn to sequentiality of the topologies TK+, TK, C and F.
3.9. Lemma. Let X be a topological space. The following are equivalent (both for CL∅(X)
and for CL(X)):
(1) for every net (Cj )j∈J which K+-converges to some C, there exists a sequence (Cjn)n∈N
(not necessarily a subnet) which is still K+-convergent to C;
(2) for every net (Cj )j∈J which K-converges to some C, there exists a sequence (Cjn)n∈N
(not necessarily a subnet) which is C-convergent to C;
(3) X is hereditarily Lindelöf.
Proof. (1) ⇒ (2) Obvious.
(2) ⇒ (3) Let S be a subset of X (which we may suppose to be properly contained in
X to get the result for CL(X)), and consider a collection G of open sets such that ⋃G ⊇ S
(if S = X, we may restrict ourselves to the case where ⋃G = X). We may assume that G
contains all finite unions of its members: hence it is directed by inclusion, and (X \G)G∈G
is a net of closed subsets of X whose K-limit is C =⋂G∈G(X \G) = X \⋃G.
By (2), there is a sequence (Gn)n∈N in G such that (X \ Gn)n∈N is C-convergent to C,
i.e., it is eventually in (X \K)+ whenever K is a compact set which is disjoint from C; in
particular, for each x /∈ C there exists nx ∈ N such that, for every n nx , we have x ∈ Gn.
Therefore X \ C ⊆⋃n∈NGn (in fact we have equality), so that (Gn)n∈N is a countable
subfamily of G which covers S.
(3) ⇒ (1) Suppose that X is a hereditarily Lindelöf space and let (Cj )j∈J be K+-con-
vergent to a closed set C ⊆ X.
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Let (hn)n∈N be a sequence of elements of J such that⋂
j∈J
⋃
kj
Ck =
∞⋂
n=1
⋃
hhn
Ch, (3.3)
which must exist as X is hereditarily Lindelöf. Let j1 = h1 and, for each n ∈ N, let jn+1 ∈ J
such that both jn+1  hn+1 and jn+1  jn: since m n implies jm  jn, by (3.3) we have
that
∞⋂
n=1
⋃
mn
Cjm ⊆
∞⋂
n=1
⋃
hjn
Ch ⊆
⋂
j∈J
⋃
kj
Ck
and therefore the sequence (Cjn)n∈N is K+-convergent to C. 
The following two results generalize Corollary 3.7 in [10], which holds in case X is
metrizable (see also [13, Proposition 2.5]).
3.10. Proposition. The following are equivalent, for a Hausdorff space X:
(1) TK+ is sequential on CL∅(X) (CL(X));
(2) TK+ is countably tight on CL∅(X) (CL(X));
(3) X is hereditarily Lindelöf.
Proof. In view of Proposition 2.12, we only need to prove that (3) implies (1). So, letA be
a subset of CL∅(X) which is not TK+-closed. By definition of TK+, there is a net (Cj )j∈J
of members of A which K+-converges to some C /∈A. The previous lemma implies that
a suitable sequence (Cjn)n∈N is K+-convergent to the same C. Since A was arbitrary, the
desired conclusion follows. 
3.11. Proposition. If X is hereditarily Lindelöf, hereditarily separable and first-countable,
then TK is sequential on CL∅(X) (hence also on CL(X)).
Proof. Let A be a subset of CL∅(X) which is not TK-closed. There is a net (Cj )j∈J of
members of A which K-converges to some C /∈A. As X is hereditarily Lindelöf, there is a
sequence (hn)n∈N in J for which (3.3) holds.
By Theorem 2.5, V− is first-countable. So, let {Vn}n∈N be a countable decreasing V−-
open neighbourhood-base at C. For each n ∈ N, let in  hn be such that Cj ∈ Vn whenever
j  in.
Now let j1 = i1 and, for each n ∈ N, let jn+1 ∈ J such that both jn+1  in+1 and
jn+1  jn. Arguing as in the proof of Lemma 3.9, we see that the sequence (Cjn)n∈N is
K+-convergent to C. But our construction implies that (Cjn)n∈N is also V−-convergent to
C, and hence it is K-convergent. 
We generalize another result which holds in case X is metrizable [13, Proposition 2.6].
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3.12. Theorem. If X is hereditarily Lindelöf and consonant, then the co-compact topology
on CL∅(X) is sequential. The converse holds provided that X is sequentially consonant (in
particular, if X is a k-space).
Proof. The first statement is a trivial consequence of Proposition 3.10.
Conversely, let X be sequentially consonant, and suppose that the co-compact topology
on CL∅(X) is sequential. By Corollary 2.10, X is hereditarily Lindelöf. Now, if A is a
subset of CL∅(X) which is not C-closed, then there is a sequence (Cn)n∈N of members of
A which C-converges to some C /∈ A; since X is sequentially consonant, the sequence
also K+-converges to C, and therefore A is not TK+-closed. We conclude that X is
consonant. 
3.13. Corollary. A regular quasi ˇCech-complete space is hereditarily Lindelöf if and only
if the co-compact topology is sequential.
Proof. If X is a regular quasi ˇCech-complete space, then it is consonant (see [16,
Theorem 4.1] and the footnote thereof); moreover Proposition 1.6 implies that X is a space
of pointwise countable type, hence a k-space, and therefore X is sequentially consonant by
Proposition 1.10. Now apply the previous theorem. 
3.14. Theorem. Let X be a space of pointwise countable type. Then the Fell topology on
CL∅(X) is sequential if and only if X is hereditarily Lindelöf, hereditarily separable and
hyperconsonant.
Proof. If the Fell topology is sequential, it follows from 2.15 and 2.10 that X is hereditarily
separable and hereditarily Lindelöf. Now, ifA is a subset of CL∅(X) which is not F-closed,
then there is a sequence (Cn)n∈N of members of A which F-converges to some C /∈ A;
Proposition 1.10 implies that the sequence also K-converges to C, and therefore A is not
TK-closed. We conclude that X is hyperconsonant.
To prove the converse observe first that X, being hereditarily Lindelöf, has countable
pseudocharacter and, since it is of pointwise countable type, we have in fact χ(X)  ω.
Proposition 3.11 now applies. 
From Theorem 2.9, Proposition 2.15, Theorem 3.12 and the above result it follows
that if X is second-countable and non-consonant (e.g., if X = Q), then the hyperspaces
(CL∅(X),C) and (CL∅(X),F) are both countably tight but not sequential.
4. Fréchet property
Before stating the first result of this section, some preliminary considerations are
needed.
Let X be a topological space. We say that p ∈ X is a q-point [31] if there is a sequence
(Un)n∈N of neighbourhoods of p such that every sequence (xn)n∈N of points of X with
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xn ∈Un for every n ∈ N has a cluster point. A space X is a q-space if each point of X is a
q-point.
Every space of pointwise countable type is a q-space (and it is not hard to prove that,
for paracompact spaces, the converse also holds).
4.1. Lemma. Suppose that X has a q-point p, and that (CL(X),C) (or (CL(X),F)) is
Fréchet. Then p has a compact neighbourhood.
Proof. Since (CL(X),C) is countably tight, the space X is hereditarily Lindelöf, and it
follows in particular that there is a sequence (Gn)n∈N of closed neighbourhoods of p
whose intersection is {p}. If (Un)n∈N is a sequence of neighbourhoods witnessing that
p is a q-point then, for every n ∈ N, we may assume that Un ⊆ Gn and one easily sees that
letting Vn =⋂nk=1 Uk defines a countable decreasing neighbourhood-base at p (consisting
of closed sets).
Now suppose p to have no compact neighbourhood. Being Lindelöf, X is not countably
compact, hence there exists a countable decreasing family {Tn}n∈N of closed nonempty
subsets of X, such that
⋂
n∈N Tn = ∅, and we may assume that T1  p. Fix z /∈ T1 ∪ {p},
for every K ∈K(X) let n(K) = min{n ∈ N | Tn ∩K = ∅} and pick a point xK ∈ Vn(K) \K .
Then {z} is F-adherent to F = {Tn(K) ∪ {xK, z} | K ∈ K(X \ {z})}. We claim that no
sequence in F is C-convergent to {z}.
Indeed, if (Fn)n∈N were such a sequence, then either there exists m ∈ N with Tm ⊆ Fn
for infinitely many n’s, or p ∈ Lsn∈N Fn. In the first case let y ∈ Tm: We have {z} ∈
(X \ {y})+, while Fn ∩ {y} = ∅ for infinitely many n’s, and we get a contradiction. In
the second case, for a suitable subsequence (Fnk )k∈N of (Fn)n∈N there exists a sequence
(pk)k∈N, converging to p, such that for each k ∈ N we have pk ∈ Fnk ; and we may also
assume that pk = z. The set {pk | k ∈ N} ∪ {p} is compact and does not contain z, and this
gives again a contradiction. 
4.2. Proposition.
(1) (CL∅(X),V−) is Fréchet if and only if (CL(X),V−) is Fréchet.
(2) If (CL∅(X),C) is Fréchet then (CL(X),C) is Fréchet; the converse holds provided that
X has at least one q-point.
(3) If (CL∅(X),F) is Fréchet then (CL(X),F) is Fréchet; the converse holds provided that
X has at least one q-point.
Proof. Statement (1) follows immediately from Proposition 3.4. Since Fréchet property is
hereditary, to complete the proof we suppose that some p ∈ X is a q-point and that CL(X)
endowed with the co-compact topology (or the Fell topology) is Fréchet, and we show that
(CL∅(X),C) (respectively (CL∅(X),F)) is Fréchet, too.
Let C ∈ CL∅(X) be adherent to some subcollection M of CL∅(X). We may assume
that C /∈M and that M ⊆ CL(X) (as {∅} is C-dense and F-closed). We have to find a
sequence in M which converges to C and, since CL(X) is Fréchet, this is trivial if C is
nonempty. So, let C = ∅.
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By the previous lemma, p has a compact neighbourhood H ; since A = (X \ H)+
is a open neighbourhood of ∅, we have that ∅ is also adherent to M′ = M ∩ A, and
therefore {p} is adherent to (M′)p = {C′ ∪ {p} | C′ ∈M′}. As CL(X) is Fréchet, there
exists a sequence (Bn)n∈N in (M′)p which converges to {p}. Now for each n ∈ N there is
a (unique) Cn ∈M′ such that Bn = Cn ∪ {p}. We claim that (Cn)n∈N converges to ∅ with
respect to the Fell (equivalently, the co-compact) topology.
Indeed, let K be any compact set. If K  p then eventually Bn ∩ K = ∅ and hence
Cn ∩K = ∅, too. If p ∈ K then letting K˜ = K \ IntH defines a compact set not containing
p so that, as we have already seen, we eventually have Cn ∩ K˜ = ∅. But Cn ∩K = Cn ∩ K˜
for every n ∈ N, because Cn ∈M′. 
4.3. Proposition. If (CL∅(X),F) is Fréchet, then both (CL∅(X),C) and (CL∅(X),V−) are
Fréchet.
Proof. Suppose C ∈ CL∅(X) to be C-adherent to some M ⊆ CL∅(X). Then it is easily
seen that C is F-adherent to ↓M= {D ∈ CL∅(X) | ∃C′ ∈M: D ⊇ C′}, so that there exists
a sequence (Dn)n∈N in ↓M which F-converges to C. Taking, for every n ∈ N, Cn ∈M
with Cn ⊆ Dn, we have that (Cn)n∈N C−→C.
The proof that (CL∅(X),V−) is Fréchet is completely symmetric. 
Remark. It is not possible to prove the above result using the same idea of Proposition 3.5,
because the infimum of two Fréchet topologies is not Fréchet, in general. Let, for
example, X = (ω × ω) ∪ {(n,∞) | n ∈ ω} ∪ {(∞,∞)}, and define σ = {A ⊆ X |
(∞,∞) /∈ A or ((∞,∞) ∈ A and ∃n ∈ ω: ∀n′  n: (n′,∞) ∈ A)} and τ = {A ⊆ X |
∀n ∈ ω: ((n,∞) ∈ A ⇒ ∃ ∈ ω: ∀′  : (n, ) ∈ A)}. Then σ and τ are both first-
countable topologies on X, and (∞,∞) is (σ ∧ τ )-adherent to ω × ω, but no sequence
in this set is (σ ∧ τ )-convergent to (∞,∞).
4.4. Question. Is the converse of Proposition 4.3 true? Or, at least, if both the co-compact
and the lower Vietoris topology are Fréchet, is the Fell topology sequential?
Observe that, in general, even the supremum of a Fréchet topology and a first-countable
topology on a set S may fail to be sequential—see [13, Example 7.1].
We say that a space X is Fréchet at a point x if whenever x ∈ M , where M ⊆ X, there
exists a sequence (xn)n∈N in M such that limn→∞ xn = x . Thus X is a Fréchet space if and
only if it is Fréchet at each point.
We say that a space X is α4 at a point x (cf. [32, Definition 1.1], where are also
similarly defined the properties αi for i = 1,2,3) if for every sequence ((xmn )n∈N)m∈N
of sequences, where limn→∞ xmn = x for every m ∈ N, there is a function j :N → N with
x ∈ {xmj(m) | m ∈ N}. If X is also Fréchet at x , this clearly implies that limi→∞ xkiqi = x ,
where (ki)i∈N and (qi)i∈N are suitable sequences of positive integers, with (ki)i∈N strictly
increasing. If X is α4 at all points, we simply say that X is an α4-space; observe that, at
each point, first countability clearly implies the α4 property. In the literature, an α4 Fréchet
space is also called countably bisequential (see, for example, [32, Definition 1.4]); the
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notion of α4 space, as well as those of αi spaces for i = 1,2,3, have been first introduced
by Arhangel’skii in [4].
We call almost first-countable a space in which there is a point x¯ such that χ(x,X) ω
for x = x¯, and X is α4 at x¯ (hence everywhere).
4.5. Proposition. If (CL∅(X),V−) is Fréchet, then X is Fréchet and hereditarily separable.
If X is almost first-countable then the converse also holds.
Proof. Let us prove the second statement (the only nontrivial one, taking into account
Theorem 2.7), where we may clearly assume that for a (unique) x¯ ∈ X we have χ(x¯,X) >
ω.
Consider a C ∈ CL∅(X), which belongs to the V−-closure of an A⊆ CL∅(X). We have
to find a sequence in A which V−-converges to C, and this is easily accomplished when
x¯ is not an isolated point of C, because in this case χ(C, (CL∅(X),V−)) ω. If C = {x¯}
then x¯ ∈⋃A and hence there exists a sequence (xn)n∈N in ⋃A, which converges to x¯;
taking Cn ∈A containing xn for each n ∈ N defines the desired sequence.
Now suppose that C = {x¯} ∪ D, where D ∈ CL(X) and x¯ /∈ D. Denote by {yh | h ∈ N}
a countable dense subset of D and, for every h ∈ N, let {V hk | k ∈ N} be a decreasing
neighbourhood base at yh.
For every k ∈ N, define Mk = ⋃(A ∩ (⋂kh=1(V hk )−)). It is easy to see that x¯ ∈ Mk ,
hence there exists a sequence (xkh)h∈N in Mk converging to x¯. It follows from the above
considerations that limi→∞ xkiqi = x¯, where (ki)i∈N and (qi)i∈N are suitable sequences of
positive integers, with (ki)i∈N strictly increasing.
For every i ∈ N, choose Ci ∈A ∩ (⋂kih=1(V hki )−) with xkiqi ∈ Ci . We claim that (Ci)i∈N
is V−-convergent to C. Indeed let W = W− ∩⋂sr=1 U−r be a basic V−-neighbourhood of
C, where W  x¯ and Ur meets D for every r = 1,2, . . . , s. For every r ∈ {1,2, . . . , s},
there exist hr , ir ∈ N such that Ur ⊇ V hrkir and kir  hr ; so, letting ıˆ = max{i1, i2, . . . , is},
for each i  ıˆ we have
⋂ki
h=1(V
h
ki
)− ⊆⋂sr=1 U−r . Moreover there exists ıˇ ∈ N such that for
every i  ıˇ , we have xkiqi ∈ W and hence Ci ∈ W−. Letting i∗ = max{ıˆ, ıˇ}, we have that
Ci ∈W for every i  i∗. 
The above result allows us to find many examples of a space X, whose lower Vietoris
hyperspace is Fréchet but not first-countable. It is sufficient to consider a countable space
which is Fréchet and α4, but not first-countable at exactly one point. In the literature,
there are several examples of such spaces; actually, it is possible to obtain them to fulfil
property α2—which is much stronger than α4. For a survey about such constructions, see
the discussion after Problem 2 in [32].
A natural question which arises from Proposition 4.5 is whether almost first-countability
may be weakened to the α4 property, in the second part of the statement. We will show in
Example 4.8 below that this is not the case. However, we first prove that the α4 property is
anyway a necessary condition, for the lower Vietoris hyperspace to be Fréchet.
For every m,n ∈ N, denote by smn the point (m,1/n) of R2, and call Sω the space
obtained from {smn | m,n ∈ N} ∪ N × {0} by identifying N × {0} to a single point ∞.
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Clearly Sω is a Fréchet space which is not α4 (at ∞). In fact, it is well known (see [34])
that a Fréchet space is α4 if and only if it does not contain a copy of Sω .
4.6. Proposition. If (CL∅(X),V−) is Fréchet, then X is α4.
Proof. By the above-mentioned fact, we may assume that Sω ⊆ X and prove that
(CL(X),V−) is not Fréchet. In fact we show that the set C = {∞} ∪ {sm1 | m ∈ N} is V−-
adherent to the collection A = {Fmn | m,n ∈ N}, where Fmn = {smn } ∪ {s11 , s21 , . . . , sm1 } for
every m,n ∈ N, and that no sequence in A is V−-convergent to C.
Let V = W− ∩U−1 ∩ · · · ∩U−m˜ be a basic V−-neighbourhood of C, where W is an open
neighbourhood of ∞ and each Ui is a neighbourhood of si1 for i = 1, . . . , m˜. If n˜ ∈ N is
such that sm˜
n˜
∈W , then Fm˜
n˜
∈A∩ V . Hence C ∈ ClV−A.
Now let (Fmknk )k∈N be a sequence in A. If there exists m¯ ∈ N with mk = m¯ for infinitely
many k ∈ N, then fix a neighbourhood U of sm¯+11 which does not contain any other point
of Sω (i.e., such that U ∩ Sω = {sm¯+11 }). Since Fmknk = Fm¯nk /∈ U− for infinitely many k ∈ N,
and U− is a V−-neighbourhood of C, the sequence (Fmknk )k∈N cannot V−-converge to C.
It remains the case in which, for every m¯ ∈ N, we have mk = m¯ only for finitely many
k ∈ N. Construct a strictly increasing mapping h → kh, of N into N, such that h → mkh
is in turn strictly increasing. We complete the proof by showing that (Fmkhnkh )h∈N does not
V−-converge to C.
Define j :N → N by putting j (m′) = nkh if m′ = mkh for a (unique) h ∈ N, and
j (m′) = 1 otherwise. Choose a neighbourhood W of ∞ which is disjoint from both
{sm′1 | m′ ∈ N} and {sm
′
j (m′) | m′ ∈ N}. Then W− is a V−-neighbourhood of C such that
F
mkh
nkh
/∈W− for every h ∈ N. 
4.7. Proposition. If (CL∅(X),V−) is Fréchet, then X[n] is Fréchet for every n ∈ N.
Proof. Use the local homeomorphism ιn of X[n] onto En(X). 
4.8. Example. There is a space Z which is hereditarily separable, Fréchet and α4, and such
that (CL∅(Z),V−) is not Fréchet (actually, Z may be chosen to be countable and with only
two non-isolated points).
Proof. Let X,Y be countable spaces, with only one non-isolated point, which are Fréchet
and α4, and such that X×Y is not Fréchet (for example, the spaces ω∪{∞X} and ω∪{∞Y }
defined in the proof of the theorem of [12]). Then Z = X ⊕ Y is the required space. 
In view of Proposition 4.6 and Theorem 3.7, it is easy to observe that the space Sω
introduced above provides an example of a sequential V−-hyperspace which is not Fréchet
(as a matter of fact, S[n]ω is even Fréchet for every n ∈ N). An analogous example for the
co-compact and Fell topologies will be produced with the aid of the next result.
4.9. Theorem. Let X be a q-space. If the hyperspace CL∅(X) endowed with either the
co-compact or the Fell topology is Fréchet then it is first-countable.
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Proof. In view of Corollary 2.16, it suffices to prove that X is locally compact. But this is
a straightforward consequence of Lemma 4.1. 
Let X be the subspace {0} ∪ {amn | m,n ∈ N} of R, where
∀m,n ∈ N, amn =
1
m
− 1
n+ 1
(
1
m
− 1
m+ 1
)
.
The space X is not locally compact but is hyperconsonant, as there is only one point,
namely 0, with no compact neighbourhood [2]; therefore, by Theorem 3.14, the Fell
(hence also the co-compact) topology is sequential. On the other hand, a trivial diagonal
argument proves that ck(X) > ω, so that (CL∅(X),C) and (CL∅(X),F) are not Fréchet by
Theorems 4.9 and 2.5. Of course, this also shows that the Fréchet assumption in 4.9 cannot
be weakened to sequential.
On may still ask whether the assumption that X is a q-space in 4.9 could be dropped.
This problem remains open, and may be stated as follows.
4.10. Question. Is there a Hausdorff space whose hyperspace endowed with the Fell
topology (or the co-compact topology) is Fréchet without being first-countable?
5. Pseudoradiality and radiality
If in the definition of sequential space we replace sequences by nets indexed on arbitrary
totally ordered sets, we obtain the so-called pseudoradial spaces. Namely, a space X is
pseudoradial if every its subset M , which contains all the limit points of every net of
elements of M , indexed on a totally ordered set, is closed in X. Observe that, in this
definition, it is equivalent to consider only nets indexed on regular cardinals (endowed with
their standard relation of well-order). For general references about pseudoradial spaces and
related notions, see [35].
Like sequential spaces, pseudoradial spaces also admit an alternative definition, which
reads as follows. For every subset M of a topological space X, and every ordinal κ  |X|+,
define 〈〈M〉〉κX (the κ-radial closure of M) by transfinite induction on κ , in the following
way. 〈〈M〉〉0X = M; for each σ ∈ |X|+, 〈〈M〉〉σ+1X is the set of all x ∈X such that there is a net
in 〈〈M〉〉σX , indexed on a totally ordered set, which converges to x; 〈〈M〉〉λX =
⋃
α∈λ〈〈M〉〉αX
if λ  |X|+ is a limit nonzero ordinal. Then a topological space X with |X| = ν is
pseudoradial if and only if every M ⊆ X, such that 〈〈M〉〉ν+X = M , is closed in X.
The reader will probably observe that to some results in the present section correspond
analogous statements in Sections 3 or 4 above; and in one or two cases it even happens that
the former implies the latter, whose proof could hence be avoided (for example, compare
Propositions 5.11 and 4.6). This is, of course, because of the strict links between the notions
of sequentiality and Fréchet property on the one hand, and pseudoradiality and radiality on
the other hand. However, it seems to us that it is worth looking a bit redundant, if this helps
to organize the subject in a more natural and readable way.
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5.1. Lemma. Let X be a topological space, and Y a locally closed subset of X. For every
M ⊆ Y and every λ ω1, we have 〈〈M〉〉λY = 〈〈M〉〉λX ∩ Y .
Hence if X is pseudoradial then Y is pseudoradial, too.
Proof. Completely analogous to that of Lemma 3.1. 
5.2. Lemma. Let x¯ ∈ X, V open neighbourhood of x¯ and A ⊆ CV = {C ∈ CL∅(X) |
C ∩ V = ∅}. Then, for every λ |X|+, we have that〈〈Ax¯ 〉〉λ
(CL∅(X),F) =
(〈〈A〉〉λ( CL∅(X),F))x¯ .
Proof. Completely analogous to that of Lemma 3.3. 
5.3. Proposition.
(1) (CL∅(X),V−) is pseudoradial if and only if (CL(X),V−) is pseudoradial.
(2) (CL∅(X),C) is pseudoradial if and only if (CL(X),C) is pseudoradial.
(3) (CL∅(X),F) is pseudoradial if and only if (CL(X),F) is pseudoradial.
Proof. For the first two statements, argue in a similar way as in Proposition 3.4, with the
following modification to complete the proof of statement (2): If X is noncompact then
there exists a decreasing transfinite sequence (Fα)α<ξ in CL(X) such that
⋂
α<ξ Fα = ∅
[20, Problem 3.12.1], and hence this sequence C-converges to ∅.
As for statement (3), the “only if” part is again analogous to the “only if” part of
Proposition 3.4, using Lemma 5.1 instead of Lemma 3.1.
Suppose now that (CL(X),F) is pseudoradial, and consider again a decreasing
transfinite sequence (Fα)α<ξ in CL(X) with
⋂
α<ξ Fα = ∅, where we may certainly
suppose ξ to be a regular cardinal. Then it is possible to define by transfinite induction
a strictly increasing j : ξ → ξ and, for every β ∈ ξ , an xβ ∈ Fj(β), such that β → xβ is
one-to-one. Of course, we have that ({xβ})β∈ξ F−→ ∅; also, ξ  |X|.
Now, analogously to the proof of Proposition 3.4, it will suffice to show that for every
A ⊆ CL∅(X) with ∅ ∈ ClF A, we have that ∅ ∈ 〈〈A〉〉ν+( CL∅(X),F)—where ν = |CL∅(X)|.
If {xβ} ∈ ClFA for every β ∈ ξ , then the pseudoradiality of (CL(X),F) implies that
{xβ} ∈ 〈〈A〉〉γβ( CL(X),F) for some γβ ∈ ν+. Putting γˆ = supβ∈ξ γβ , we will have that γˆ ∈ ν+
(because ξ  |X| |CL∅(X)| = ν < ν+ and ν+ is regular), and {xβ} ∈ 〈〈A〉〉γˆ( CL(X),F) for
every β ∈ ξ , so that by {xβ} F−→ ∅ we obtain ∅ ∈ 〈〈A〉〉γˆ+1( CL(X),F).
If, on the contrary, there exists βˆ ∈ ξ with {x
βˆ
} /∈ ClFA, then the proof continues in the
same way of that of Proposition 3.4, using Lemma 5.2 instead of Lemma 3.3. 
Since it is easily seen that any infimum of pseudoradial topologies, defined on a
set S, is still pseudoradial, the following result may be proved in an analogous way of
Proposition 3.5.
5.4. Proposition. If (CL∅(X),F) is pseudoradial, then both (CL∅(X),C) and (CL∅(X),
V−) are pseudoradial.
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The following characterization of pseudoradiality for the lower Vietoris topology
implies, in particular, that if X is first-countable but not hereditarily separable then the
hyperspace (CL∅(X),V−) is pseudoradial but not sequential.
5.5. Theorem. Let X be a T2-space. The following are equivalent:
(1) the space (CL∅(X),V−) is pseudoradial;
(2) for every n ∈ N the space (En(X),V−) is pseudoradial;
(3) for every n ∈ N the space X[n] is pseudoradial.
Proof. First of all, (1) implies (2) since each locally closed subspace of a pseudoradial
space is pseudoradial; moreover (2) and (3) are equivalent because of the local homeomor-
phism of X[n] onto (En(X),V−). It remains the implication (2) ⇒ (1).
So, assume that (En(X),V−) is pseudoradial for every n ∈ N. Let A be a subset of
CL∅(X) and suppose that, if a net of elements of A indexed on a totally ordered set V−-
converges to some C ∈ CL∅(X), then C ∈A; we prove thatA is V−-closed by considering
a C′ ∈ CL∅(X) which belongs to the V−-closure of A, and showing that in fact C′ ∈A.
Arguing as in the proof of Theorem 3.7, we see that every nonempty finite subset of C′
belongs to A: hence C′ ∈A, if C′ is finite.
Otherwise, given any closed subset D of C′, of density κ  ω, suppose that every closed
subset E of D whose density is less than κ belong to A: we claim that D ∈A, too, and
this will complete the proof.
Let (zλ)λ∈κ be a one-to-one indexing of a dense subset of D: since for each µ ∈ κ
the density of the set Eµ = {zλ | λ µ} does not exceed µ, we have Eµ ∈A; but the net
(Eµ)µ∈κ is V−-convergent to D and therefore D ∈A, as claimed. 
5.6. Proposition. Suppose that the co-compact topology on CL∅(X) is pseudoradial; if the
space X is pseudoconsonant, then it is consonant.
Proof. Let X be a pseudoconsonant space such that the co-compact topology is
pseudoradial. If A is a subset of CL∅(X) which is not C-closed, then there is a sequence
(Cα)α∈κ of members of A which C-converges to some C /∈A; by pseudoconsonance, the
sequence also K+-converges to C, and thereforeA is not TK+-closed. We conclude that X
is consonant. 
The notion of radial space is a generalization of that of Fréchet space, in exactly the
same way as pseudoradial generalizes sequential. More precisely, a space X is radial at a
point x if for every M ⊆ X such that x ∈ M there exists a net (aj )j∈J of elements of M
converging to x , where J is totally ordered; a radial space is a space which is radial at each
of its points.
5.7. Proposition.
(1) (CL∅(X),V−) is radial if and only if (CL(X),V−) is radial.
(2) If (CL∅(X),C) is radial then (CL(X),C) is radial; the converse holds provided that
at least one point of X has a compact neighbourhood.
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(3) If (CL∅(X),F) is radial then (CL(X),F) is radial; the converse holds provided that at
least one point of X has a compact neighbourhood.
Proof. Similar to the proof of 4.2. 
5.8. Proposition. If (CL∅(X),F) is radial, then both (CL∅(X),C) and (CL∅(X),V−) are
radial.
Proof. Similar to the proof of 4.3. 
5.9. Theorem. Let M be any subspace of a T2-space X. If (CL∅(X),V−) is radial at M ,
then M is separable.
Proof. Let F be the collection of all finite subsets of M; since M is V−-adherent to F ,
there is a net (Fλ)λ∈σ of members of F which V−-converges to M , where σ is a totally
ordered set; up to extract a subnet we may assume that σ is a regular cardinal.
Given n ∈ N, choose n distinct points an,1, . . . , an,n in M , and pairwise disjoint
open sets Wn,1, . . . ,Wn,n such that an,k ∈ Wn,k for every k ∈ {1, . . . , n}. Letting Wn =⋂n
k=1 W
−
n,k defines a V−-open neighbourhood of M , hence a suitable λn can be found in σ
such that, for each α  λn, we have Fα ∈Wn and in particular |Fα| n.
Now, let λ = supn∈N λn. If σ were uncountable then λ ∈ σ by regularity, thus |Fλ| n
for every n ∈ N; this contradiction shows that σ = ω. Thus M is the closure of a countable
subset of M , namely
⋃
λ∈ω Fλ; hence M is separable, too. 
5.10. Corollary. If (CL∅(X),V−) is radial, then X is Fréchet.
Proof. By the above theorem, X is countably tight; and the radiality of (CL∅(X),V−)
implies that of X. Also, it is easily seen that the Fréchet property is equivalent to radiality
plus countable tightness. 
5.11. Proposition. If (CL∅(X),V−) is radial, then X is α4.
Proof. Let Sω be the space defined before Proposition 4.6; since X is Fréchet then, as
we have already recalled, if it were not α4 it would contain a copy of Sω . Define C and
A= {Fmn | m,n ∈ ω} as in the proof of Proposition 4.6: then C is V−-adherent to A, hence
there exists a net of elements of A, indexed on a totally ordered set, which V−-converges
to C. Since A is countable, there is also a sequence in A which converges to C. But we
have already proved in Proposition 4.6 that this is impossible. 
5.12. Corollary. For a space X of pointwise countable type, the following are equivalent:
(1) (CL∅(X),V−) is radial;
(2) (CL∅(X),V−) is Fréchet.
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Proof. Since a space is Fréchet if and only if it is radial and countably tight, and since by
Theorem 5.9 we have that hd(X) = ω, the conclusion follows applying Corollary 2.8. 
5.13. Question. May we drop the assumption that X is of pointwise countable type, in the
above corollary?
5.14. Theorem. Let X be a locally compact space such that (CL∅(X),C) is radial. Then
(CL∅(X),C) is first-countable.
Proof. In view of Theorem 2.5 we have to show that every open subset of X is
hemicompact.
First of all, we prove that for every nonempty open subset A of X, there exists a regular
cardinal κ and an increasing κ-sequence of compact subsets of A, which is cofinal inK(A).
Put D = {X \H | H open in X, H ∈K(A)}, and C = X \A: then C ∈ ClCD. Indeed, let
K ∈ K(A): then there exists an open H with K ⊆ H ⊆ H ⊆ A and H compact, so that
X \H ∈ (X \K)+ ∩D.
By radiality, there exists a regular cardinal κ and a sequence (Dα)α∈κ of elements
of D—where Dα = X \Hα for α ∈ κ—such that
∀K ∈K(A): ∃αK ∈ κ : ∀α  αK : Dα ∩K = ∅.
Then for every K ∈ K(A) we have that K ⊆ Hα ⊆ Hα for α  αK , and hence K ⊆⋂
ααK Hα ; since each Hα is compact, it is easily checked that (Lα)α∈κ—where Lα =⋂
ααK Hα for α ∈ κ—is an increasing cofinal κ-sequence in K(A).
By contradiction, suppose there exists a nonempty open subset A of X which is not
hemicompact, and let—for a suitable regular cardinal κ—(Lα)α∈κ be an increasing cofinal
κ-sequence in K(A). Then κ > ω. Using transfinite induction, we will associate to every
α ∈ κ a j (α) ∈ κ and a nonempty open subset Vα of X, in such a way that:
(1) ∀α′ < α: j (α′) < j (α);
(2) Vα ∈K(A);
(3) ∀α′ < α: Vα′ ⊆ Lj(α);
(4) Vα ∩Lj(α) = ∅.
Suppose to have defined j (α) and Vα for α < αˆ, in such a way that (1)–(4) are fulfilled.
If αˆ is limit, then put j (αˆ) = sup{j (α) | α < αˆ}: it follows from the inductive hypothesis
and the increasing character of the κ-sequence (Lα)α∈κ , that (1) and (3) are fulfilled. Also,
Lj(αˆ) = A (because in particular A is not compact), so that fixing a point x ∈A \Lj(αˆ) we
may choose an open neighbourhood Vαˆ of x whose closure is compact, contained in A and
disjoint from Lj(αˆ).
Suppose now that αˆ = α∗ + 1: since Vα∗ ∈ K(A) and (Lα)α∈κ is increasing, there
exists j (α∗ + 1) > j (α∗) such that Vα∗ ⊆ Lj(α∗+1). In particular, using also the inductive
hypothesis for α = α∗, we have that (1) and (3) are fulfilled for α = α∗ + 1. Again, since
Lj(α∗+1)A, we may fix a point x ∈ A \ Lj(α∗+1) and choose an open neighbourhood
Vα∗+1 of x whose closure is compact, contained in A and disjoint from Lj(α∗+1).
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Observe that properties (3) and (4) together easily imply that Vα ∩ Vα′ = ∅ for α = α′.
Fix a point xα ∈ Vα for every α ∈ κ , and let
S = {SF | F is a finite subset of κ},
where SF = {xα | α ∈ κ \F } for every finite F ⊆ κ . Then the closed set C = X \⋃α∈κ Vα
belongs to ClCS . Indeed, let K be any element of K(X) disjoint from C, i.e., K ⊆⋃
α∈κ Vα : by compactness, there exists a finite F ⊆ κ such that K ⊆
⋃
α∈F Vα , and hence
SF is an element of S disjoint from K .
By radiality, there exists a regular cardinal ν and a ν-sequence (SF(β))β∈ν of elements
of S which C-converges to C. Suppose first ν = ω: then M = κ \⋃n∈ω F(n) is nonempty
(because κ = ω), and fixing an αˆ ∈ M we have that {xαˆ} is a compact set missing C and
meeting each SF(n). A contradiction.
Suppose now ν > ω: for every n ∈ ω(⊆ κ), since {xn} is a compact set disjoint from C,
there exists a βn ∈ κ such that
∀β ∈ κ, β  βn: xn /∈ SF(β).
Letting βˆ = sup{βn | n ∈ ω} ∈ ν, we have that xn /∈ SF(βˆ) for every n ∈ ω, i.e., ω ⊆ F(βˆ):
a contradiction again. 
5.15. Corollary. Let X be a locally compact space such that (CL∅(X),F) is radial. Then
(CL∅(X),F) is first-countable.
Proof. By Proposition 5.8, (CL∅(X),C) and (CL∅(X),V−) are radial. The former fact
implies by Theorem 5.14 that (CL∅(X),C) is first-countable, while the latter fact implies
by Theorem 5.9 that hd(X) = ω. Now Corollary 2.16 yields the desired conclusion. 
We recall that the local compactness of X is equivalent to the T2 character of (CL∅(X),
F); in the literature, the most part of investigations concerning the Fell topology are devoted
to such a special case. Of course, this does not make less interesting the following:
5.16. Question. May the assumption of local compactness on X be dropped, in
Theorem 5.14 and Corollary 5.15, in order to obtain the weaker consequence that
(CL∅(X),C) or (CL∅(X),F) is Fréchet?
6. Counterexamples
Our first example in this section is in order to show that, under Martin’s Axiom, we may
obtain a countable, hereditarily (strongly) paracompact space X, such that kL(X) > ω. The
techniques we are going to apply are actually more set-theoretic in nature than those used
so far; thus, it seems suitable to fix some notation and point out some basic results. Also,
the general idea of the construction is reminiscent of the one in [9].
For every set M , we put [M]ω = {B ⊆ M | |B| = ω} and [M]<ω = {B ⊆ M | |B| <ω};
we also denote by c the cardinal number of the continuum, and by A the set c\ω. We fix
the following indexings:
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(1) {Tα | α ∈ A} is a (one-to-one) indexing of [ω]ω;
(2) {Lα | α ∈A} is a (one-to-one) indexing of [c]ω, such that ∀α ∈A: Lα ∈ [α]ω;
(3) {(Fα,Gα) | α ∈A} is an indexing of [c]<ω×[ω]<ω, such that ∀α ∈A: Fα ∈ [α]<ω.
It is easy to prove that the indexing (3) is possible. Since we do not require α →
(Fα,Gα) to be one-to-one, define any one-to-one λ : [c]<ω×[ω]<ω → A such that:
∀(F,G) ∈ [c]<ω×[ω]<ω: λ(F,G) > maxF
(use the fact that |[α]<ω × [ω]<ω| < c for every α ∈ c). Then for α ∈ Imλ, let (Fα,Gα)
be such that λ(Fα,Gα) = α; for α ∈ A \ Imλ, choose any (Fα,Gα) with α > maxFα .
Observe that it is not hard to show that the indexing in (3) cannot be one-to-one.
As for (2), we have the following:
6.1. Lemma. There exists a one-to-one indexing {Lα | α ∈ A} of [c]ω, such that ∀α ∈A:
∀β ∈ Lα : α > β .
Proof. Fix a one-to-one indexing {Mσ | σ ∈ c} of [c]ω; then define j :A → c by:
j (α) = min{σ ∈ c\{j (α′) | α′ < α} ∣∣ ∀β ∈ Mσ : β < α}.
Observe that the above set cannot be empty: indeed, the set {σ ∈ c | Mσ ⊆ ω} has
cardinality c—hence it cannot be contained in {j (α′) | α′ < α}—and for every Mσ with
Mσ ⊆ ω we have that ∀β ∈ Mσ : β < α.
Thus, putting Lα = Mj(α) for every α ∈ A, we have that ∀β ∈ Lα : β < α. We only
have to show the onto character of α → j (α) from A to c—which will clearly imply the
onto character of α → Lα from A to [c]ω. By contradiction, suppose j is not onto, and let
σˆ = min{σ ∈ c | ∀α ∈ A: j (α) = σ }: then by Koenig’s Lemma αˆ = supMσˆ ∈ c\ω = A, so
that
∀α ∈ A, α > αˆ: σˆ ∈ {σ ∈ c\{j (α′) | α′ < α} ∣∣ ∀β ∈ Mσ : β < α},
and hence ∀α > αˆ: j (α) < σˆ . Clearly, this is a contradiction, because |σˆ | < c, |{α ∈ c |
α > αˆ}| = c and j is one-to-one. 
We now prove (under Martin’s Axiom) the basic result to be used in our construction.
For M ′,M ′′ ∈ [ω]ω, we will write M ′ a.d.M ′′ to denote that M ′ is almost disjoint from
M ′′, i.e., that |M ′ ∩M ′′| <ω. In the following, the symbol 2 is to be intended as an ordinal
number, i.e., 2 = {0,1}.
6.2. Proposition. (MA) There exist two families {S0α | α ∈ c} and {S1α | α ∈ c} of elements
of [ω]ω such that:
(a) ∀α ∈ c: ∀α′ ∈ α: ∀ι ∈ 2: S0α a.d. Sια′ ;(b) for every α ∈ A, if Tα does not belong to the ideal generated by {Sια′ | α′ < α, ι ∈ 2}
∪ [ω]<ω (i.e., if there do not exist two finite subsets F 0,F 1 of α and a finite subset G
of ω, such that Tα ⊆ (⋃α′∈F 0 S0α′)∪ (⋃α′∈F 1 S1α′)∪G), then S0α ⊆ Tα ;
(c) ∀α ∈ A: S0α ∩ ((
⋃
α′∈Fα S
1
α′)∪Gα) = ∅;
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(d) ∀α ∈ c: ∀α′ ∈ α: ∀ι ∈ 2: S1α a.d. Sι ′ ;α
(e) ∀α ∈ c: S1α a.d. S0α ;
(f) ∀α ∈ A: ∀α′ ∈ Lα : S1α ∩ S0α′ = ∅.
Proof. First of all, let us associate to every (α, ι) ∈ ω× 2 an Sια ∈ [ω]ω, in such a way that
Sι
′
α′ ∩ Sι
′′
α′′ = ∅ for (α′, ι′) = (α′′, ι′′). In particular, (a), (d), (e) are satisfied for α ∈ ω.
The definition of the sets Sια for α ∈ A and ι ∈ 2 is by induction on α. Thus, suppose to
have αˆ ∈ A and to have defined, for every α ∈ αˆ, S0α and S1α in such a way that (a)–(f) are
fulfilled.
To define S0
αˆ
, suppose first that Tαˆ ⊆ (
⋃
α∈F 0 S0α)∪ (
⋃
α∈F 1 S1α)∪G for some F 0,F 1 ∈[αˆ]<ω and G ∈ [ω]<ω, so that (b) will be automatically satisfied. Since the collection
A= {Sια | α ∈ αˆ, ι ∈ 2} consists of pairwise a.d. sets (by the properties (a), (d) and (e) of
the inductive hypothesis), applying [27, Theorem II.2.15] with C = {ω}, we find a d ∈ [ω]ω
which is a.d. from every Sια with α < αˆ (observe that we use in an essential way the fact
that αˆ is infinite). Then we put S0
αˆ
= d \((⋃α′∈Fαˆ S1α′)∪Gαˆ), so that (a) and (c) are fulfilled
for α = αˆ.
Suppose now that Tαˆ does not belong to the ideal generated by {Sια | α ∈ αˆ, ι ∈ 2}
∪ [ω]<ω: this means that Tαˆ \
⋃F is infinite for every finite subcollection F of A= {Sια |
α ∈ αˆ, ι ∈ 2}. By [27, Theorem II.2.15], putting C = {Tαˆ}, there exists a d ∈ [ω]ω which is
a.d. from every element ofA and has an infinite intersection with Tαˆ . Then it is easily seen
that S0
αˆ
= (d ∩ Tαˆ) \ ((
⋃
α′∈Fαˆ S
1
α′)∪Gαˆ) satisfies (a), (b) and (c) for α = αˆ.
Now we define S1
αˆ
in such a way to fulfil (d), (e), (f) for α = αˆ. Let A = ({Sια | α ∈
αˆ, ι ∈ 2} ∪ {S0
αˆ
}) \ {S0α | α ∈ Lαˆ} and C = {S0α | α ∈ Lαˆ}: then [27, Theorem II.2.15] gives
a d ∈ [ω]ω which is a.d. from every element of A and is such that ∀α ∈Lαˆ : |d ∩ S0α| = ω.
Put Lαˆ = {αn | n ∈ ω} (n → αn one-to-one), and for every n ∈ ω fix an mn ∈ (d ∩ S0αn) \
(
⋃
n′<n S
0
αn′ ) (this is possible because |d ∩ S0αn | = ω, while |S0αn′ ∩ S0αn | < ω for every
n′ < n). Then S1
αˆ
= {mn | n ∈ ω} is an infinite subset of d—hence it is a.d. from every
element ofA—and is such that S0
αˆ
∩S0α is finite and nonempty for every α ∈ Lαˆ . Therefore,
(d), (e) and (f) are fulfilled for α = αˆ. 
We recall that a subcollection S of [ω]ω, consisting of pairwise a.d. sets, is said to
be nowhere mad if for every M ∈ [ω]ω which does not belong to the ideal generated by
S ∪ [ω]<ω, there exists an L ∈ [M]ω which is a.d. from every element of S (cf. [33], or the
definition after Proposition 2.1 in [19]).
Here and in the following, for every S ⊆ [ω]ω consisting of pairwise almost disjoint
sets, we will denote by XS the set ω∪{∞S} (where ∞S /∈ ω), endowed with the following
topology: the points of ω are isolated, while the (open) neighborhoods of the point ∞S are
exactly those of the form {∞S}∪T , where T ⊆ ω is such that |S \T | <ω for every S ∈ S .
Observe that every space ω ∪ {∞S} of this kind is (strongly) paracompact.
We will use the following elementary fact.
6.3. Lemma. Let A ⊆ [ω]ω be a nowhere mad collection of pairwise a.d. sets. Then, for
every compact subset K of ω∪ {∞A}, the set K \ {∞A} belongs to the ideal generated by
A∪ [ω]<ω.
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Proof. If K were not of the above kind, then clearly |K \ {∞A}| = ω, so that there would
exist a J ⊆ K \ {∞A}, |J | = ω, such that |J ∩ A| < ω for every A ∈A. Thus J would
be closed in ω ∪ {∞A} (according to the above-defined topology), and hence without
accumulation points, contradicting the compactness of K . 
6.4. Example. (MA) There exists a countable, hereditarily (strongly) paracompact space
X, with (L(X) = nw(X) =)ω < kL(X) ( hOkL(X) = t (CL∅(X),C)).
Proof. Let S0α and S1α for α < c be infinite subsets of ω such that properties (a)–(f) of
Proposition 6.2 are fulfilled, and put S = {S1α | α ∈ c}. We claim that the space XS ,
endowed with the above-defined topology, has the required property.
First of all, we prove that S is nowhere mad. Let M ∈ [ω]ω be such that
∀F ∈ [S]<ω:
∣∣∣M \⋃S∣∣∣= ω,
and let αˆ ∈ A be such that Tαˆ = M . If there exists α < αˆ such that |S0α ∩ M| = ω, then
S0α ∩ M is an infinite subset of M which is a.d. from every element of S (by (a), (d) and
(e)). If, on the contrary, |Sα ∩ M| < ω for every α < αˆ, then M = Tαˆ does not belong to
the ideal generated by {Sια | α < αˆ, ι ∈ 2}; therefore, by (a) and (b), S0αˆ is an infinite subset
of M which is a.d. from every element of S .
Let D = {XS\S0α | α ∈ c}: then each element of D is open, because its complement is
a.d. from every element of S . Also, D is a k-cover of XS . Indeed, given any compact K of
XS , we know by Lemma 6.3 that there must exist a finite subset F of c and a finite subset
G of ω, such that K \ {∞S} ⊆ (
⋃
α′∈F S1α′) ∪G. Fix αˆ ∈ A such that (F,G) = (Fαˆ,Gαˆ):
then by (c) of Proposition 6.2, we have that S0
αˆ
∩ ((⋃α′∈Fαˆ S1α′) ∪ Gαˆ) = ∅, and hence
K ⊆ XS\S0αˆ .
We now prove that no countable subsetD′ of D is a k-cover of XS . Let D′ ∈ [D]ω: then
there exists αˆ ∈ A such that D′ = {S0α | α ∈ Lαˆ}; using property (f) of Proposition 6.2, we
have that K = {∞S}∪S1αˆ is a compact subset of XS which is not contained in any element
of D′. 
Our second example will provide again a hereditarily strongly paracompact space
X, such that nw(X) = ω < kL(X)—and hence, in particular, hL(X) = ω < kL(X) and
nw(X) < cknw(X)  knw(X) (cf. remarks after the definition of knw(X), in Section 1).
In this case, our space X will be constructed within ZFC; however, it will not satisfy the
stronger inequality kL(X) > |X| (not even knw(X) > |X|). Let:
X = {(x, y) ∈ R2 | y  0},
X1 =
{
(x, y) ∈ R2 | y > 0} and X2 = {(x,0) | x ∈ R},
and consider a topology τ on X defined by the following conditions:
(a) X1 is open in (X, τ), and the restriction of τ to X1 coincides with the Euclidean
topology;
(b) every (x,0) ∈ X2 has a fundamental system of τ -open neighbourhoods, given by:
{Vx,f,g,ε | ε > 0, f, g : ]x − ε, x + ε[ → [0,+∞[, f, g continuous, f (x)= g(x) = 0,
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0 < f (x ′) < g(x ′) for x ′ = x}, where Vx,f,g,ε = {(x,0)} ∪ {(x ′, y) ∈ ]x − ε, x +
ε[ × [0, ε[| y < f (x ′) or g(x ′) < y}.
Of course, τ is finer than the Euclidean topology, and they coincide on X2 (besides that
on X1).
6.5. Lemma. If K is a compact subset of (X, τ), then there exist compact sets K1 ⊆ X1 and
K2 ⊆ X2, and a finite subset F of R, such that K ⊆ K1 ∪K2 ∪ (⋃x∈F ({x} × [0,+∞[ )).
Proof. Since τ is finer than the Euclidean topology σ on X, if K is a compact subset
of (X, τ) then it is also a compact subset of (X,σ), hence there exists r > 0 such that
K ⊆ [−r, r] × [0, r]. We want to show that there exist ε ∈]0, r[ and a finite F ⊆ [−r, r],
such that K ⊆ ([−r, r] × {0})∪ ([−r, r] × [ε, r])∪ (⋃x∈F ({x} × [0, ε])).
By contradiction, suppose that for every n ∈ N there is an infinite subset Mn of [−r, r],
such that
∀x ∈ Mn: ∃y ∈ ]0,1/n[: (x, y) ∈K.
Then a plain inductive procedure allows us to obtain a sequence ((xn, yn))n∈N of elements
of K such that:
(a) ∀n ∈ N: 0 < yn+1 < min{ 1n+1 , yn};
(b) ∀n = n′: xn = xn′ .
Up to passing to a subsequence, we may further suppose that n → xn is either strictly
increasing or strictly decreasing, and we may put limn→+∞ xn = x¯(∈ [−r, r]). We will
prove that ((xn, yn))n∈N has no cluster point in (X, τ), thus contradicting the compactness
of K .
Since (x¯,0) is the limit of ((xn, yn))n∈N in (X,σ), it is also the only possible cluster
point of ((xn, yn))n∈N in (X, τ). Now, consider a continuous function f :R → [0,+∞[
such that:
(a) f (x¯) = 0 and f (x) > 0 for x = x¯,
(b) ∀n ∈ N: f (xn) = yn
(it is obvious that such an f must exist), and let W = {(x¯,0)} ∪ {(x, y) ∈ X | y <
1
2f (x) or y > f (x)}. Then W is an open neighbourhood of x¯ in (X, τ), which misses
every (xn, yn). 
6.6. Example. (X, τ) is a hereditarily strongly paracompact space, such that hL(X, τ) =
nw(X, τ) = ω < c = kL(X, τ) = hOkL(X, τ) = hOcknw(X, τ) = knw(X, τ) = hOck(X, τ).
Proof. First, we deal with the equalities and inequalities between cardinal functions,
leaving hereditary strong paracompactness at the end. By the above lemma, using the fact
that there are only c many compact subsets of X1, of X2, and of every {x} × [0,+∞[, we
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easily obtain that |K(X, τ)| = c, so that knw(X, τ) c and hOck(X, τ) c. Thus, it only
remains to show that kL(X, τ) c and that nw(X, τ) = ω.
As for the former relation, consider for every finite subset F of R and every ε > 0,
a continuous function f :R → [0,+∞[ such that:
(a) f (x)= 0 for x ∈ F ,
(b) 0 < f (x) < ε for x ∈ R \F ,
and let AF,ε be the open subset of (X, τ) defined by: AF,ε = {(x,0) | x ∈ F } ∪ {(x, y) ∈
X | y < 12f (x) or y > f (x)}. It follows from the above lemma that A = {AF,ε | F ∈[R]<ω, 0 < ε < 1} is an open k-cover of (X, τ). On the other hand, it is immediate to
check that every AF,ε as above includes no (compact) set of the form {x} × [0,1] with
x ∈ R \ F ; therefore, if A′ = {AFj ,εj }j∈J is any subcollection of A with |J | < c, then
taking an x ∈ R \ (⋃j∈J Fj ) we have that {x}× [0,1] ⊆ AFj ,εj for j ∈ J , so that A′ is not
a k-cover of (X, τ).
To prove that nw(X) = ω, it is sufficient to consider two countable bases B1 and B2 for
X1 and X2, respectively. Then B1 ∪ B2 is a countable network for (X, τ).
Now we show that (X, τ) is regular, which will imply that X is hereditarily Lindelöf
(according to the terminology used in [20, §3.8]), and hence that it is hereditarily strongly
paracompact [20, Ex. 3.8.A(c)]. Of course, we just have to prove that for every point
(x,0) of X2 and every basic τ -neighbourhood of (x,0) of the form Vx,f,g,ε, there is
another τ -neighbourhood W of (x,0) with Clτ W ⊆ Vx,f,g,ε. Actually, it is sufficient to
put W = Vx, 12 f,2g, ε2 . 
Remark. The above space (X, τ) is not first-countable, and being hereditarily Lindelöf—
hence of countable pseudocharacter—it cannot be of pointwise countable type. A space
X for which hL(X) · h(X)(= hL(X) · χ(X)) = ω < kL(X) will be produced in the next
example.
Remark. Suppose to introduce, in the same set X = X1 ∪ X2 of the above example,
a topology θ whose open sets are the M ⊆ X such that:
(a) M ∩X1 and M ∩X2 are both open with respect to the Euclidean topology;
(b) ∀(x,0) ∈ M ∩X2: ∃ε > 0: {x} × [0, ε[⊆M .
Then θ is finer than τ (and its restriction to either X1 or X2 still coincides with the
corresponding Euclidean topology); moreover, the equalities and inequalities stated for
(X, τ) in 6.6 are still valid for (X, θ). However, (X, θ) turns out to be non-regular (the
proof is not completely immediate).
As we have already announced above, our next example will provide again a hereditarily
strongly paracompact space X (actually, the well-known Sorgenfrey line) with hL(X) =
ω < kL(X), but with the supplementary property that h(X) = ω (cf. observations after
Proposition 1.6). On the other hand, contrary to the above space (X, τ), we will have that
kL(X) = nw(X) = knw(X) = c.
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Let S be the Sorgenfrey line, and consider the function σ :S → S defined by σ(x)= −x
(of course, ϕ is far from being continuous). Observe that σ([x, x + ε[ )=]σ(x)− ε,σ (x)]
for every x ∈ S and ε > 0.
6.7. Lemma. There exists an open k-cover A of S, such that for every A ∈ A, the set
{{x,−x} | x ∈A, −x ∈A} is finite.
Proof. We will show that, given any K ∈K(X), there is an open subset A of S such that
K ⊆ A and the set {{x,−x} | x ∈ A, −x ∈ A} is finite. If we can associate to every x ∈ K
an open neighbourhood V (x) of x in S, in such a way that:
(a) ∀x, y ∈ K: (x = σ(y) ⇒ V (x)∩ σ(V (y))= ∅),
(b) ∀x, y ∈ K: (x = σ(y) ⇒ V (x)∩ σ(V (y))= {x}),
then we will put A = ⋃x∈K V (x). This way we will clearly have that {{x,−x} | x ∈
A, −x ∈ A} = {{x,−x} | x ∈ K, −x ∈ K}; and the order-reversing character of σ would
imply in any case the existence of a strictly increasing sequence in K , thus contradicting
its compactness.
Notice that, for every x ∈ K , there is an ε(x) > 0 such that σ(y) /∈ ]x, x + ε(x)[ for
any y ∈ K . Otherwise, we could find by induction a sequence (yn)n∈ω of elements of K ,
such that σ(yn+1) ∈ ]x,σ (yn)[ for every n ∈ ω, so that we would obtain again a strictly
increasing sequence (yn)n∈ω in K . Then we put V (x)= [x, x + 12ε(x)[ for every x ∈ K .
Now, let x, y ∈ K: if σ(y) < x , then clearly σ(V (y)) = ]σ(y) − 12ε(y), σ (y)] is
disjoint from V (x) = [x, x + 12ε(x)[; and if σ(y) = x , then σ(V (y)) ∩ V (x) = {x}.
Finally, suppose x < σ(y): then σ(y) /∈ [x, x + ε(x)[, and x /∈ ]σ(y) − ε(y), σ (y)];
thus, putting ϑ = σ(y) − x , we have that ε(x), ε(y) ϑ , and hence V (x) ∩ σ(V (y)) =
[x, x + 12ε(x)[∩ ]σ(y)− 12ε(y), σ (y)] ⊆ [x, x + 12ϑ[∩ ]σ(y)− 12ϑ,σ(y)] = ∅. 
6.8. Example. hL(S) = h(S) = χ(S) = ω < c = kL(S) = hOkL(S) = cknw(S) =
hOcknw(S) = nw(S) = knw(S).
Proof. The fact that hL(S) = ω is well known (cf., for example, [20, Ex. 3.8.A(c)]), and
of course h(S) χ(S) = ω—so that we have equality; also, we clearly have that kL(S)
min{hOkL(S), cknw(S)}  max{hOkL(S), cknw(S)}  hOcknw(S)  knw(S)  w(S)  c
(as well as nw(S) c). Therefore, it only remains to show that nw(S) c and kL(S) c.
The former inequality is well-known as folklore, and immediate to prove (assuming N to
be a network for S with |N | < c, take an x ∈ S which is not the minimum of any element
of N ; then for no N ∈N we may have that x ∈ N ⊆ [x, x + 1[—a contradiction). Thus,
we prove the latter inequality.
Let A be an open k-cover of S, with the property stated in the above lemma, and let A′
be any subcollection of A with |A′| = κ < c. Since the set {{x,−x} | x ∈ A and − x ∈ A}
is finite for every A ∈A′, we will have that∣∣{{x,−x} | x ∈ S and ∃A ∈A′: {x,−x} ⊆ A}∣∣ κ · ω < c,
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while {{x,−x} | x ∈ S} is a subset of K(X) of cardinality c. Therefore,A′ is not a k-cover
of X. 
Remark. From Theorem 3.12 and the above result, it follows that the Sorgenfrey line is
not consonant. This fact (which solves a question of [16]) was first proved by Alleche
and Calbrix in [2, Corollary 3.3], using techniques involving Radon measures. It is worth
noticing that the same result could also be obtained by a plain generalization of [15,
Theorem 1].
By a suitable modification of the above example, we will obtain a space X for which
ω < hL(X) < kL(X)—and also hL(X) · h(X) < kL(X); moreover, X will consistently be
hereditarily strongly paracompact.
Let µ be a regular cardinal number, with µ>ω, and consider the set µR of all functions
from µ to R. Endow µR with the structure of a totally ordered group, and denote by “+”
the componentwise sum, by “−” the operation which changes the sign to every component,
and by “” the lexicographic order (the compatibility between + and  is easy to show).
Let also 0 be the element of µR whose components are all equal to 0.
We endow µR with the topology τ ′ defined in the remark after Proposition 2.1 (i.e.,
a topology whose base is given by all sets of the form [x,x+ e[, with x, e ∈ µR and e > 0);
for the sake of convenience, we will denote the space (µR, τ ′) by Sµ (the µ-Sorgenfrey
line).
By the regularity of µ(>ω), it easily follows that in Sµ every countable subset is closed;
therefore, the compact subsets of Sµ are exactly the finite ones. We may prove, using an
even simpler argument than that of Lemma 6.7, that there is an open k-coverA of Sµ, such
that for every A ∈A the set {{x,−x} | x ∈A,−x ∈A} is finite. As a consequence, we have
that kL(Sµ) = |Sµ| = 2µ.
We recall that, for every infinite cardinal κ , the cardinal 2<κ is defined as sup{2ζ |
ζ cardinal, ζ < κ}.
6.9. Proposition. L(Sµ) = hL(Sµ) = 2<µ.
Proof. First, we prove that L(Sµ) 2<µ—i.e., that L(Sµ) 2ζ for every infinite cardinal
ζ < µ. For every p ∈ ζR, the set Mp = {x ∈ µR | xζ = p} is clopen in Sµ. Thus,
{Mp | p ∈ ζR} is an open partition of Sµ (consisting of nonempty sets), having cardinality
2ζ . Therefore, the Lindelöf number of Sµ cannot be less than 2ζ .
To prove that hL(Sµ)  2<µ, let θ be the order topology on µR; since the set
Dµ = {x ∈ µR | ∃α ∈µ: ∀α′ ∈ µ, α′  α: x(α′) = 0} is dense in (µR, θ), the collection
B = { ]x,y[ | x,y ∈ Dµ, x < y} is a base for (µR, θ). By a straightforward calculation, we
have that |Dµ| = 2<µ, and hence also |B| = 2<µ; therefore, hL(µR, θ)w(µR, θ) 2<µ.
To pass from hL(µR, θ) to hL(µR, τ ′) = hL(Sµ), we use the same argument which
shows that the Sorgenfrey line is hereditarily Lindelöf. So, let Y be a subset of Sµ, and
A an open cover of Y : without loss of generality, we may suppose A to be of the form
{[ai,bi [∩Y }i∈I . Let Y ′ =⋃i∈I (]ai,bi [∩Y ), and Y ′′ = Y \ Y ′. Clearly, for every y ∈ Y ′′
there is an i(y) ∈ I such that y = ai(y); moreover, ]ai(y),bi(y)[∩Y ′′ = ∅ for every y ∈ Y ′′,
and this clearly implies that [ai(y′),bi(y′)[∩ [ai(y′′),bi(y′′)[ = ∅ for distinct y′,y′′ ∈ Y ′′.
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Taking, for every y ∈ Y ′′, an f (y) ∈ Dµ ∩ ]ai(y),bi(y)[ defines a one-to-one function from
Y ′′ to Dµ; thus, |Y ′′| |Dµ| = 2<µ.
Now, since hL(µR, θ)  2<µ, there is a subset I0 of I , with |I0|  2<µ, such that
Y ′ =⋃i∈I0(]ai ,bi[∩Y ); thus, it is easily seen that I∗ = I0 ∪ {i(y) | y ∈ Y ′′} is a subset of
I having cardinality not greater than 2<µ, and such that
⋃
i∈I ∗([ai,bi [∩Y ) = Y . 
Observe that the space Sµ has the property that for every collection A of open subsets
of it, with |A| < µ, the set ⋂A is still open—i.e., Sµ is µ-additive. Indeed, write A as
{Aβ}β∈ζ , where ζ is a cardinal less than µ, and suppose x ∈ ⋂β∈ζ Aβ : then for every
β ∈ ζ there is an xβ > x, such that [x,xβ[ ⊆ Aβ , and we may put αβ = min{α ∈ µ |
x(α) = xβ(α)}(= min{α ∈ µ | x(α) < xβ(α)}). By the regularity of µ, we have that
αˆ = sup{αβ | β ∈ ζ } ∈µ; letting x∗ ∈ Sµ to be defined by:
x∗(α) =
{
x(α) if α  αˆ,
x(α)+ 1 if α = αˆ + 1,
0 if α > αˆ + 1,
we have that x∗ > x and [x,x∗[ ⊆ [x,xβ[ ⊆ Aβ for every β ∈ ζ .
6.10. Example. If µ is an uncountable regular cardinal with 2<µ < 2µ—such as an
infinite successor cardinal—then h(Sµ) = χ(Sµ) = µ  hL(Sµ) = 2<µ < 2µ = kL(Sµ).
Furthermore, if 2<µ = µ, then Sµ is also hereditarily strongly paracompact (in particular,
if GCH holds, then for every uncountable regular cardinal µ the space Sµ has all the above
properties).
Proof. We have already noticed that kL(Sµ) = 2µ, and the equality hL(Sµ) = µ follows
from Proposition 6.9. To show that h(Sµ) = χ(Sµ) = µ, first observe that h(Sµ) = χ(Sµ)
because every compact subset of Sµ is finite. Moreover, χ(x, Sµ)  µ for every x ∈ Sµ,
because Sµ is µ-additive, T1 and without isolated points; and χ(x, Sµ)  µ for every
x ∈ Sµ, because {[x,x + eβ [ | β ∈ µ} is a local base for x, where every eβ is defined by
eβ(α) = 0 for α = β , and eβ(α) = 1 for α = β .
Now we show hereditary strong paracompactness, under the supplementary assumption
that 2<µ = µ. Let A be an open cover of Sµ; up to pass to a refinement, we may suppose
every element of A to be of the form [x,y[, with x < y. In particular, every element of A
is clopen. By L(Sµ) 2<µ = µ, there exists an open subcover A′ = {[xα,yα[}α∈µ of A;
putting, by transfinite induction, Bα = [xα,yα[ \ (⋃α′<α Bα′) for every α ∈ µ, we obtain
by the µ-additivity of Sµ that {Bα}α∈µ is an open partition of Sµ which refines A′. 
Our next example will be a topological space X such that hOkL(X) = ω < cknw(X)
( hOcknw(X)). Actually, X is the space defined after Proposition 1.6, i.e., the real line
endowed with the topology τ , whose elements are those of the form A \ N , where A is
open with respect to the Euclidean topology σ on R and N is countable. We know that X
is a Hausdorff non-regular space; and we have already observed that the compact subsets
of X are exactly the finite ones.
6.11. Lemma. Let Y be an open subset of (R, τ ), and A a collection of open subsets of
Y , such that every finite subset of Y is included in some element of A; let also T be any
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countable subset of Y . Then there exists a family {Ωn}n∈ω of open subsets of (R, σ ), and a
family {Nn}n∈ω of countable subsets of Y , such that:
(a) ∀n ∈ ω: Ωn \Nn ∈A;
(b) ∀G ∈ [T ]<ω: ∀H ∈ [Y ]<ω: ∃n ∈ ω: (G ⊆ Ωn \Nn and H ⊆ Ωn).
Proof. Since [T ]<ω is countable, it will suffice to show that for every G ∈ [T ]<ω there
exist open subsets {ΩGn }n∈ω of (R, σ ) and countable subsets {NGn }n∈ω of Y , such that
ΩGn \NGn ∈A and Nϕ(G,n) = NGn for every n ∈ ω, and
∀H ∈ [Y ]<ω: ∃n ∈ ω: (G ⊆ ΩGn \NGn and H ⊆ ΩGn ).
Indeed, in this case we may fix a one-to-one function ϕ from [T ]<ω × ω onto ω, and put
Ωϕ(G,n) = ΩGn and Nϕ(G,n) = NGn for every (G,n) ∈ [T ]<ω × ω.
Thus, let us fix an arbitrary G ∈ [T ]<ω, and let L be a countable base for (R, σ ).
Consider the family {Mm | m ∈ ω} of all finite unions of elements of L, and put
P = {m ∈ ω | ∃Ω ∈ σ : ∃N ∈ [Y ]ω:
(G∪Mm ⊆ Ω and G∩N = ∅ and Ω \N ∈A)
}
.
For every m ∈ P we may choose an open subset Ω˜Gm of (R, σ ) and an N˜Gm ∈ [Y ]ω,
such that G ∪Mm ⊆ Ω˜Gm , G∩ N˜Gm = ∅ and Ω˜Gm \ N˜Gm ∈A. If we can prove that for every
finite subset H of Y , there is an m ∈ P such that G ⊆ Ω˜Gm \ N˜Gm and H ⊆ Ω˜Gm , then P
will automatically be nonempty (even in case Y is empty) and indexing P as {ψ(n)}n∈ω
(with n → ψ(n) not necessarily one-to-one), putting ΩGn = Ω˜Gψ(n) and NGn = N˜Gψ(n), we
will have the desired properties.
Given an H ∈ [Y ]<ω, we know that G∪H is included in some Ω \N ∈A, with Ω ∈ σ
and N ∈ [Y ]ω . Choosing, for every x ∈ H , an Lx ∈ L with x ∈ Lx ⊆ Ω , we have that⋃
x∈H Lx = Mm¯ for some m¯ ∈ ω. Then G ∪ Mm¯ ⊆ Ω and G ∩ N = ∅, with Ω \ N ∈A:
this means that m¯ ∈ P , and therefore G ∪ Mm¯ ⊆ Ω˜Gm¯ , G ∩ N˜Gm¯ = ∅ and Ω˜Gm¯ \ N˜Gm¯ ∈ A.
Thus, in particular, G ⊆ Ω˜Gm¯ \ N˜Gm¯ and H ⊆ Ω˜Gm¯ . 
6.12. Example. hOkL(X) = ω < cknw(X).
Proof. To compute hOkL(X), let A be an open subset of X, and A a collection of open
subsets of A (hence of X), such that:
∀F ∈ [A]<ω: ∃A′ ∈A: F ⊆ A′.
Using induction, and applying the above lemma (with Y = A), we may associate to every
m ∈ ω a countable family {Ωmn | n ∈ ω} of open subsets of (R, σ ) and a countable family
{Nmn | n ∈ ω} of countable subsets of A, in such a way that:
(a) ∀m ∈ ω: ∀n ∈ ω: Ωmn \Nmn ∈A;
(b) ∀m ∈ ω: ∀G ∈ [⋃m′<m⋃n∈ω Nm′n ]<ω: ∀H ∈ [A]<ω: ∃n ∈ ω: (G ⊆ Ωmn \Nmn and H ⊆
Ωmn ).
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We claim that A˜= {Ωmn \Nmn | m ∈ ω, n ∈ ω} is a countable subcollection ofA, such that:
∀F ∈ [A]<ω: ∃A′ ∈ A˜: F ⊆ A′.
Indeed, the fact that A˜⊆A is an immediate consequence of (a). Thus, let us show that
every finite subset of A is included in some element of A˜. Given F ∈ [A]<ω, for every
m ∈ ω put
Fm =
(
F \
( ⋃
m′<m
⋃
n∈ω
Nm
′
n
))
∩
(⋃
n∈ω
Nmn
)
:
since the sets Fm are pairwise disjoint subsets of F , which is finite, there must exist m¯ ∈ ω
with Fm¯ = ∅. Let G = F ∩ (⋃m′<m¯⋃n∈ω Nm′n ) and H = F \G: by (b), there exists n¯ ∈ ω
such that G ⊆ Ωm¯n¯ \ Nm¯n¯ and H ⊆ Ωm¯n¯ . Observe that F \ G = F \ (
⋃
m′<m¯
⋃
n∈ω Nm
′
n ):
therefore, ∅ = Fm¯ = (F \G)∩ (⋃n∈ω Nm¯n ), and hence H = F \G ⊆ Ωm¯n¯ \ (⋃n∈ω Nm¯n ) ⊆
Ωm¯n¯ \Nm¯n¯ . This means that F = G∪ (F \G) = G∪H ⊆ Ωm¯n¯ \Nm¯n¯ , which is an element of
A˜.
Now we prove that cknw(X) > ω. Let F be an arbitrary collection of finite subsets of
X, which is cofinal in the collection of all finite subsets of X, and let S be a countable
collection of subsets of X: we will show that S cannot be a network for F .
To this end, write S as S ′ ∪ S ′′, where S ′ = {S ∈ S | |S| < ω} and S ′′ = {S ∈ S | |S|
ω}. Then |⋃S ′|  ω, so that we may consider a point x¯ ∈ X \⋃S ′. Since F is cofinal
in the collection of the finite subsets of X, there will be an F ∈ F with x¯ ∈ F . Write S ′′
as {Sn | n ∈ ω} (the case S ′′ = ∅ is trivial): for every n ∈ ω, since Sn is infinite, there will
be a point xn ∈ Sn \ F . Then X \ {xn | n ∈ ω} is an open subset of X which includes F ;
on the other hand, for every S ∈ S , if S ∈ S ′ we have that F ⊆ S, and if S ∈ S ′′ then
S ⊆ X \ {xn | n ∈ ω}. 
We end this section with an example of a set X and of two countably tight topologies on
X, whose supremum in not countably tight. Our construction uses an idea similar to that of
[3] (see also [20, Ex. 3.12.8(e)]), which was the first example of two countably tight spaces
whose product is not countably tight.
6.13. Example. Let {fα}α∈c be a one-to-one indexing of Φ = ωω, and put X = (c × ω ×
ω)∪ {∞}. Let also Ψ = cω, and for every ψ ∈Ψ put
Wψ = {∞} ∪
{(
α,m,fα(m)
) | α ∈ c, m ∈ ω, mψ(α)};
define τ to be the topology on X for which all points in c×ω × ω are isolated, while ∞
has a local base given by: {Wψ | ψ ∈ Ψ }.
Moreover, for every β ∈ c let
Vβ = {∞} ∪
{
(α,m,n) ∈ c×ω ×ω | n fβ(m)
}
,
and define σ to be the topology on X for which all points in c×ω × ω are isolated, while
∞ has a local base given by: {Vβ | β ∈ c}.
Then (X,σ) and (X, τ) are Fréchet spaces—hence, countably tight. But (X,σ ∨ τ ) is
not countably tight.
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Proof. The Fréchet character of (X,σ) and (X, τ) is an easy consequence of the following
general fact. Let y¯ be a point of a topological space Y , and suppose {Ai}i∈I to be a
family of pairwise disjoint subsets of Y \ {y¯}. Suppose also that for every i ∈ I , (Ai,n)n∈ω
is a decreasing sequence of subsets of Ai , and that the family {Uη | η ∈ Iω}, where
Uη = {y¯} ∪ (⋃i∈I ⋃nη(i) Ai,n) for every η ∈ Iω, is a local base at y¯. Then Y is Fréchet
at y¯ .
The set c×ω × ω is adherent to ∞ with respect to σ ∨ τ ; indeed, for every β ∈ c and
ψ ∈ Ψ , we have, for example, that (β,ψ(β), fβ(ψ(β))) ∈ Vβ ∩Wψ ∩ (c×ω×ω). Suppose
now N = {(αi,mi, ni) | i ∈ ω} to be a countable subset of c×ω×ω. Let αˆ ∈ c be such that
fαˆ >
∗ fαi for every i ∈ ω, and pick a ψˆ ∈ Ψ such that:
∀i ∈ ω: ∀m ψˆ(αi): fαˆ(m) > fαi (m).
Then it is easily seen that Vαˆ ∩Wψˆ ∩N = ∅. 
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